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INSTRUMENTAL ANALYSIS* 
BY VANNEVAR BUSH 


The use of instruments of computation and analysis is as old 
as mathematics itself. Counting by the aid of piles of pebbles 
gave origin to the word calculus. There have always been such 
aids to reasoning, and the development of instrumental methods 
has throughout proceeded in parallel with formal methods. 

Under instrumental analysis is to be grouped all analysis pro- 
ceeding by the use of devices for supplementing pure reasoning, 
whether these devices involve mechanics, optics, heat, electric- 
ity or other natural phenomena. The device aids the mind be- 
cause it approximately obeys some simple law, and may be 
made to indicate the consequences of combinations of such rela- 
tionships. An example is the ordinary compass which will draw 
an approximate circle. One may reason about the properties of 
families of circles and never draw a diagram; but such reasoning 
is more surely guided by a few pictures. The instrument, what- 
ever it may be, has two functions: first, when approximate re- 
sults are sufficient, to yield these directly; second, as a sugges- 
tive auxiliary to precise reasoning. 

The first piece of mathematical apparatus used was the hu- 
man hand. Nature, for some reason that is not entirely clear, 
supplied us with ten fingers, and in the groping development 
that characterized the beginnings of mathematics, this settled 
the decimal system upon us. Our forebears apparently did their 
reckoning standing up, or we might, as in fact did more than one 
tribe, have used toes as well, and thus landed on the vicenary 
system. Had this occurred it would have been possible to regis- 
ter all of New York’s automobiles with five figures; and Con- 
gress would probably have had to be satisfied with merely eight 
figure appropriations. It is certainly fortunate that at least both 
hands were used, or the newspapers would now be running out 
of zeros. 


* The twelfth Josiah Willard Gibbs Lecture, delivered at St. Louis, Janu- 
ary 2, 1936, under the auspices of the American Mathematical Society, at a 
joint meeting of the Society with Section A of the American Association for the 
Advancement of Science. 
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How Archimedes managed to approximate 7 as well as he 
did by an involved geometrical computation in Greek numerals 
has not been adequately explained. The world suffered long for 
lack of positional numeration, and for a symbol for zero. Neither 
of these were invented by formalists. Both were the product of 
instrumental analysis. They came as the direct and inevitable 
result of the use of the abacus. 

To the occidental it is sometimes necessary to explain that 
the abacus is the most widely used mechanical computing ma- 
chine, even today. An expert in its use can nearly keep up with 
the operator of a simple keyboard-adding-machine, and he can 
multiply as well. It is a very old device, and no one knows its 
inventor. Originally, probably, a group of piles of pebbles, it de- 
veloped into a form in which counters are strung on parallel 
rods or wires. The mechanical fact that it is convenient to mount 
rods or wires parallel to one another in a frame produced the 
idea of positional numeration, and the necessity for noting down 
complete absence of counters under such circumstances gave us 
the zero. That the world had to wait so long for these important 
ideas occurred because the formalists of the time declined to 
use the plebeian abacus in connection with their profound medi- 
tations. So they stuck to their cumbersome notation, while men 
of trade, with a mechanical aid, produced the most far-reaching 
of mathematical inventions. The formalists insisted that ruler 
and compass were the only tools worthy of the gentleman 
scholar, and by this insistence directed the attention of the 
learned for centuries to three impossible problems, made so by 
the artificiality of the limitations. Even today the race of angle 
trisectors has not died out, although the problem was resolved 
over a century ago. 

Thus, from the earliest times, and in the most profound ways, 
the use of instruments has influenced the course of formal 
mathematics. The fixing of the decimal system by the posses- 
sion of ten fingers, the origination of positional numeration and 
the zero by the users of the abacus, the cramping of the mathe- 
matical style of the Greeks by the ruler and compasses, are in- 
cidents in the process. The instrument has been much more than 
the useful aid; it has often exerted a determining control over 
the course of events, helpfully or otherwise. This situation is not 
likely to terminate, and in fact there is every reason to expect 
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that the interrelation will be more complex, if not more inti- 
mate, now that mechanical devices may employ a host of new 
elements and processes. Yet there is a considerable gulf between 
formal mathematicians and those who make and use mathe- 
matical instruments. It is the purpose of this paper to suggest 
that formal mathematics may again be influenced by instru- 
mental development, and that there would be mutual benefit 
if the gulf between them were less wide. 

When Babbage struggled to put into effect his glorious ideas 
of mechanical analysis, he was stopped by the expense and delay 
inherent in his time in the construction of a really complex de- 
vice. Today much more complex affairs are built at reasonable 
cost, by reason of mass production of duplicate parts, modern 
gauging and materials, and modern processes of fabrication. 
Moreover, and very important, these complex devices are re- 
liable; witness the automatic telephone switchboard or the type- 
setting machine. This development has had a large effect in the 
field of arithmetical computation. It will have a comparable ef- 
fect, ultimately, in the fields of other mathematical instru- 
ments. There is, nevertheless, a serious barrier to be over- 
come before this occurs. Reliability comes, in a complicated 
machine, only when a great deal of study and experiment is 
devoted to the design of individual parts, which are then fabri- 
cated by methods that produce large numbers of precise repli- 
cas at low unit cost. The spread between development and pro- 
duction cost may be enormous: thousands of dollars may be 
spent in perfecting a simple relay or lever which may later be 
produced for a few cents each, provided hundreds of thousands 
are made. This barrier militates heavily against the research 
tool, which is potentially useful in only a few laboratories. 
Otherwise there would be available a much greater variety of 
mathematical instruments than at present, and their perform- 
ance would be more satisfactory. Yet it appears, in spite of this 
inherent limitation, that we are at the beginning of an impor- 
tant period of development of machines for higher analysis. 

The numerical machine is old; Pascal made an excellent add- 
ing machine of which we fortunately have records [1],* and 


* Numbers in square brackets refer to the bibliography at the end of this 
paper. 
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Leibnitz one capable of performing the four operations of arith- 
metic [2]. These early devices involved all of the really basic 
inventions necessary for the successful construction of machines 
of this class. Leibnitz performed multiplication by repeated 
addition, shifting columns as the several digits.were treated, 
and this procedure persists in most modern machines. It re- 
mained for Bollé to introduce the multiplication table in the 
form of a three-dimensional cam, and multiplication is thus 
performed by fewer operations, as many as there are digits in 
the multiplier [3]. This of course gave his machine greater 
speed, and facilitated division as well. It is comparatively re- 
cently that such machines can be built at moderate cost, and 
sufficiently reliable and rugged to withstand continuous hard 
usage. The combination of such machines with punched cards 
[4], [5] has made arithmetic into an entirely new affair, and 
it has enabled large banks, insurance companies, and businesses 
generally to operate in ways that would be fantastic by long- 
hand methods. There is a great deal more arithmetic and better 
arithmetic in the world than there used to be. This is indicated 
by the fact that 10,000 tons of cards are used per year, a total 
of four billion cards or nearly one card per dollar of a famous 
recent appropriation. The end of the development is not in 
sight, and much remains to be accomplished. Part of this is 
due to the fact that the development of such machines is highly 
expensive, so that they have been produced to meet the needs 
of large markets, namely, those of the usual business. The usual 
business doesn’t go far beyond rather simple mathematical op- 
erations. Yet, now that there is momentum, the large possibili- 
ties of the process will undoubtedly be opened up. 

The future development of arithmetical devices would appear 
to lie along the lines of their employment for more complex cal- 
culations than at present. One matter that needs attention is 
an increase in the amount of information that can be placed on 
a card. The obvious way, that of decreasing the size of holes, 
has its limitations, although if photography and photo-cell con- 
trols were used a great deal could be thus accomplished. A fac- 
tor of 1000 in the amount of information which may be stored 
in a given volume appears thus readily attainable. We now have 
two main types of punched-card apparatus, that operated by 
making electrical contacts through the holes, and that operated 
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by mechanical rods which pass through the holes to actual con- 
trols. These may later be joined by a type in which a light beam 
passes through and operates a photo-cell. This opens up large 
vistas, for the light may be pulsating and made to produce a 
control depending upon its frequency or duration. 

There is another way of increasing the information on a card, 
that of using combinations. This is just beginning to be used. 
The usual card is divided into columns, commonly 40 or 80 in 
number. There are 10 positions in a column. One hole only is 
punched in a column, and by its vertical position indicates a 
number. Thus only 80 numbers may be carried by a card. If 
these numbers are typed by typewriter, the space they occupy 
is less than 1/10 of the area of the card necessary to carry them 
by the punched scheme. This is not good space economy. To 
improve it, combinations are used. Two holes, producing a 
joint effect, may together designate a number and shorten the 
column. This is readily extended to letters, and thus 80 letters 
may be placed on a standard card. However this principle of 
combinations might be carried much farther. Using combina- 
tions of two, five positions are sufficient for 10 numbers, thus 
doubling the card capacity. Carrying the idea to extremes, al- 
though with evident difficulty of practical utilization, much 
more can be attained. There are 800 positions on a card. Com- 
binations of these by two’s allow over 300,000 bits of informa- 
tion to be carried. This would allow roughly 10,000 letters of 
the alphabet, and their sequence, to be carried on a single card, 
enough to record the information on three typed sheets of usual 
size. The use of combinations of holes may evidently be much 
extended. 

Great ingenuity has been shown in obtaining desired se- 
quences of operations; but there is still a great deal of carrying 
cards from one machine to another, and each problem is unique. 
A group of columns on a card assigned to a particular number, 
or set of symbols, is called a field. A stack of cards constitutes 
a two-dimensional array of fields, and each field may contain 
a number, to a precision determined by the size of field chosen. 
Apparatus is available for automatically combining any two 
such numbers, thus recorded on a given card or adjacent cards, 
in accordance with any of the four numerical operations, and 
recording the result in a similar manner. The process of bring- 
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ing the correct numbers into position for the performance of 
operations, especially for a long sequence of operations, is now 
the laborious procedure. It involves carrying the cards from one 
to another of many machines, and waiting each time for the 
specific operation to be completed. A master control is here con- 
ceivable. This process should also be automatic and performed 
entirely by machine. It should be sufficient, having punched a 
stack of cards, then to punch a master card, dictating with com- 
plete flexibility the operations to be performed, their sequence, 
the pairs of numbers in the array upon which the operations 
are to be impressed, and the position in the array where the re- 
sults are to be joined to the array. A numerical process, however 
complex, would then be reduced to the recording of the raw 
data, and the exact specification by similar record of the desired 
numerical process, all else being relegated, as it should be, to the 
machine. Such an arrangement would no doubt be soon worked 
out if there were sufficient commercial demand. This would be 
a close approach to Babbage’s large conception [4] as far as 
arithmetical processes are concerned. It would complete, for 
arithmetic, the consummation which Leibnitz visualized for all 
mathematics. 

Quite a lot can be accomplished by arithmetic alone, if its 
operations can be performed rapidly enough, and combined 
with suitable facility. Witness the difference engine, projected 
by Babbage, and suffering inevitably from the high cost of pre- 
cision construction of the time. Feed one of these machines the 
skeleton of a table, and it will fill in and print the entire table. 
It has been used for this purpose to good effect. It consists es- 
sentially of adding machines coupled together so that a whole 
sequence of operations is automatically performed one after an- 
other, corresponding in this case to the steps involved in higher 
order interpolation. Complete machines of this sort have been 
built by Scheutz and others [6]. It is time that a numerical 
machine were built for which the sequence of operations might 
be varied at will to cover a large field of utility, but just as fully 
automatic once the sequence is assigned. 

There is not the slightest doubt that numerical machines are 
destined to be further developed and exceedingly useful. Their 
influence on the users of arithmetic has been powerful. Business 
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does not seem to realize as yet that it needs anything more than 
arithmetic in its ordinary affairs, and so other devices dealing 
with branches of mathematics beyond arithmetic have not had 
the benefit of aggressive commercial development. They are 
none the less interesting and important, and ultimately their 
influence may be as great or greater. They will serve, however, 
the scientist and research man rather than the man of business, 
at least at first. 

No applied mathematics except arithmetic is ever exact, and 
even arithmetic often merely has that appearance. So when we 
turn from arithmetic we find devices that are expected to yield 
approximations to mathematical processes, sufficiently precise 
for use in applications. There are two main classes, the opera- 
tors and the equation solvers. No short summary can be at all 
complete in regard to either, for the literature of the subject is 
enormous, and each device requires much exposition if it is to 
be all understood. This is especially true since there is often 
such a wide gap between the conception of such an intrument 
and its actual construction and use, so that details are often 
important. Hence only a few will be selected for illustration in 
what follows, with full regret that every interesting develop- 
ment cannot be given its due recognition. 

Before a mathematical operation can be performed mechani- 
cally by an instrument of the first class, the data must appear 
in the form of a mechanical record. For this purpose two sorts 
of records are necessary, those representing numbers, and these 
representing functions. On the form of record depends the means 
that may be utilized in performing the operation. 

Numbers may be recorded in many ways. The position of 
holes in a card has proved a very fruitful way. The most obvious 
is by means of a distance between index lines. This leads di- 
rectly to the combinations of such distances by geometric 
means, including link motions. The slide rule of Oughtred [7], 
the alignment charts or nomograms of d’Ocagne, follow almost 
inevitably. Some of the modern counterparts of these are highly 
complex and are likely to be genuinely useful only when the 
occasion for use is sufficiently extensive to submerge the not in- 
considerable time necessary for their mastery. The systematiza- 
tion of nomograms, by identification with determinants [7] has 
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been especially helpful in this regard, for it replaces chance in- 
vention and sometimes bizarre manipulation to a standardized 
affair. 

Usually the geometrical combination of distances represent- 
ing numbers is limited to cases where moderate precision is 
ample. The much coiled slide rules become rather cumbersome. 
That this is not an inherent limitation is shown however, by 
Harrison’s machine for evaluating differences [8]. This ma- 
chine was developed for rapidly and precisely recording the 
enormous array of differences between wave numbers involved 
in the analysis of spectra. The numbers are represented by dis- 
tances to holes punched in a long tape which is folded back on 
itself. A light above makes records through the holes on a sheet 
of sensitized paper moving slowly below in a direction perpen- 
dicular to that of the tape. The position of the dots then gives 
the desired differences directly. A long loop insures high preci- 
sion. 

Anything measurable may of course be used to represent a 
number. Thus the deflection of a spring is especially useful when 
many products are to be obtained. This was employed, for ex- 
ample, in the Michelson-Stratton harmonic analyser [9], which 
operated with a finite number of ordinates or components, so 
that it was a device for combining sets of numbers in predeter- 
mined fashion. 

The representation of a function is most readily made by 
means of a simple graph. Once represented, the operations of 
differentiation and integration are evidently fundamental. 
There have been many ways of performing the latter, but 
very few of the former, and this is due to the fact that pre- 
cision in taking the derivative of a function approximately 
represented by a curve immediately involves all of the diffi- 
culty that would be mathematically expected. Moreover many 
devices projected for this purpose have attempted the impos- 
sible feat of finding a derivative by examining one point. Some, 
such as the optical devices, have depended upon the ability of 
the eye to detect readily a discontinuity in the derivative of a 
curve [10]. It would be interesting to examine the extent to 
which the eye is able to note discontinuities, in fact there seems 
to be some connection between this matter and the artist’s idea 
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of a pleasing curve, but neither the psychologists nor the artists 
seem to have investigated the subject systematically. 

The most reasonable way to obtain a derivative mechanically 
appears to be to measure the average slope over an adjustable 
known interval, and this Sears does very neatly [11]. The curve 
is made into an optical mask, which may be of either the vari- 
able area or the variable density type, and this is oscillated in 
the direction of abscissas in front of a slit. Light passing the slit 
is summed by a photo-electric cell. The fundamental component 
of the alternating photocell current is then a measure of the 
derivative. Both the width of slit and amplitude of oscillation 
are adjustable, to adapt to varying degrees of precision in the 
curve. 

One of the easiest ways to take a derivative is electrically. 
If the form of a varying current through a pure inductance 
represents a function, the voltage across the inductance repre- 
sents the derivative. Unfortunately it is not easy either to cause 
a current to vary precisely in a prescribed manner, nor to meas- 
ure precisely a varying voltage. The combination of mask, op- 
tical system, and photo-cell will accomplish the current control. 
This has appeared, combining sinusoids, in acoustical devices 
for electrical organs, and of course in the ubiquitous talkies. 
None of these applications require the precision desirable in 
mathematical instruments. A varying voltage may be very con- 
veniently measured by modern cathode-ray oscillographs, but 
again not with the precision desirable for purposes of analysis. 

The integral of a function represented by a varying current 
may be obtained by passing the current through a condenser, 
and measuring the resulting voltage as before. We shall return 
to this matter of electrical-circuit methods later. 

When a function is represented by a graph, the most obvious 
way to obtain an integral is to cut the curve out and weigh it. 
This yields a definite integral, and not a running integral, as 
does in fact the simplest planimeter. Planimeters are note- 
worthy as instruments which are mechanically simple and 
mathematically complex. The extreme is the old knife-edge or 
hatchet planimeter of Prytz [12], which works surprisingly well, 
and causes so much involvement when one is called upon to ex- 
plain why. 
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Cutting out a mask to represent a function, uniformly il- 
luminating it, and collecting the light that goes through on a 
photo-cell, gives an integral conveniently, but not highly pre- 
cisely on account of the limitations of photo-cells and optical 
systems. It does, however, give a possibility of interesting com- 
binations, which will be mentioned later. 

Any adjustable-speed drive may be made into an integrator. 
If the setting of the adjustment of the ratio of drive is made to 
vary in accordance with a given function of a variable, while 
one shaft turns in accordance with the variable itself, the rota- 
tion of the output shaft gives the integral. If the shafts are inter- 
changed the output then gives the integral of the reciprocal of 
the function. James Thomson’s disc-ball-and-cylinder integrator 
was of this type [13]. The ball contacts the disc at a point on a 
diameter, and the cylinder at a point on an element, and trans- 
mits motion between them. The disc is turned in accordance 
with the independent variable, the displacement of the ball 
from the center is regulated in accordance with the function to 
be integrated, and the rotation of the cylinder yields the inte- 
gral. Its modern form, in the hands of Hannibal Ford, has be- 
come a rugged and reliable instrument [14]. Ford’s form has two 
balls, with direct pressure, and the presence of two balls allows 
displacement under pure rolling. Maxwell gave a discussion of 
this type of integrator [13], but unfortunately not a complete 
analysis. If one assumes no backlash, no plastic deformation, 
and no slippage, the performance is exact; but in a physical in- 
strument the areas of contact are finite. One point only of the 
area is a point of zero relative motion, and this point shifts in 
the area when there is any torque, due either to friction or in- 
ertia. 

With high pressure on the balls considerable load may how- 
ever be carried and with remarkable precision, although care 
must be taken in regard to mechanical hysteresis. 

For highly precise work the disc and roller type [15] appears 
preferable, for here the area of contact is greatly reduced, and 
indeterminateness of the position of the zero point is rendered 
less important. The edge of the roller is hard and fairly sharp, 
and its shaft is actually in jewel bearings. Such a unit is capable 
of excellent performance, but it can carry practically no load. 
Hence, to be useful, it can merely control rotation, the work 
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J. H. Van Amrince, 1889-1890, E. B. Van VLiEck, 1913-1914, 
Emory McCurntock, 1891-1894, E. W. Brown, 1915-1916, 

G. W. Hit, 1895-1896, L. E. Dickson, 1917-1918, 
Srmon NeEwcome, 1897-1898, FrankK Morey, 1919-1920, 
R. S. Woopwarp, 1899-1900, G. A. Buss, 1921-1922, 

E. H. Moore, 1901-1902, OswaLp VEBLEN, 1923-1924, 
T. S. Fiske, 1903-1904, G. D. Birkuorr, 1925-1926, 
W. F. Oscoop, 1905-1906, Virci, Snyper, 1927-1928, 
H. S. Wure, 1907-1908, E. R. Heprick, 1929-1930, 
MAXIME 1909-1910, L. P. Ersenuart, 1931-1932, 
H. B. Fine, 1911-1912, A. B. Coste, 1933-1934. 


ENDOWMENT FUND 


In 1923 an Endowment Fund was collected for the support of the ever in- 
creasing number of important mathematical memoirs. Of this fund, which now 
amounts to some $77,000, a considerable proportion was contributed by members 
of the Society. 


PRIZE FUNDS 


The Bécher Memorial Prize. 

This prize was founded in memory of Professor Maxime Bocher. It is 
awarded every five years for a notable research memoir in analysis which has 
appeared during the preceding five years in a recognized journal published in the 
United States or Canada; the recipient must be a member of the Society, and not 
more than fifty years old at the time of publication of his memoir. 


First (Preliminary) Award, 1923: To G. D. Birkhoff, for his memoir Dy- 
namical systems with two degrees of freedom. 


Second Award, 1924: To E. T. Bell, for his memoir Arithmetical paraphrases, 
and to Solomon Lefschetz, for his memoir On certain numerical invariants with 
applications to abelian varieties. 


Third Award, 1928: To J. W. Alexander, for his memoir Combinatorial 
analysis situs. 


Fourth Award, 1932: To Marston Morse, for his memoir The foundations of 
a theory of the calculus of variations in the large in m-space, and to Norbert 
Wiener, for his memoir Tauberian theorems. 


The Frank Nelson Cole Prize in Algebra. 
The Frank Nelson Cole Prize in the Theory of Numbers. 


These prizes were founded in honor of Professor Frank Nelson Cole, on the 
occasion of his retirement as Secretary of the American Mathematical Society 
and editor of the Bulletin, after twenty-five years of service; the fund was later 
doubled by his son, Charles A. Cole. They are to be awarded at five-year inter- 
vals for contributions to algebra and the theory of numbers, respectively, under 
restrictions similar to those for the Boécher prize. 


First Award, 1928: To L. E. Dickson, for his book Algebren und thre Zahlen- 
theorie, Zurich, 1927. 


Second Award, 1931: To H. S. Vandiver, for his several papers on Fermat’s 
last theorem published in the Transactions of the American Mathematical So- 
ciety and the Annals of Mathematics during the last five years, with special 
reference to a paper entitled On Fermat's last theorem, which appeared in volume 
31 of the Transactions. 


The Eliakim Hastings Moore Fund. 

This fund was founded in 1922 in honor of Professor Eliakim Hastings 
Moore, on the occasion of the twenty-fifth anniversary meeting of the Chicago 
Section of the American Mathematical Society. The interest on the fund is to 
be used at the discretion of the Council of the Society, for the publication of 
important mathematical books or memoirs or the award of prizes. 
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HISTORICAL NOTE 


_ On November 24, 1888, six persons connected with Columbia University, four 
with the Department of Mathematics and two with the Department of Astron- 
omy, formed a society to meet monthly for the discussion of mathematical topics. 
This society was the idea of Doctor T. S. Fiske, an instructor in mathematics, 
who had recently returned from Cambridge, England, where he had studied for 
a time with Cayley, Glaisher, and Forsyth. In Glaisher’s company he had at- 
tended several meetings of the London Mathematical Society; from this fact and 
from a desire for mathematical companionship, stimulated by his experiences in 
Cambridge and especially by Glaisher’s many friendly talks about mathematics 
and mathematicians, arose his eagerness to bring about the establishment of a 
society in New York. 


A month later at the second meeting of the society, it was resolved to adopt 
the name “New York Mathematical Society” and to invite to membership every- 
one living in or near New York who might be interested. The young society 
prospered, its meetings interested those who attended them, and its membership 
gradually increased. In 1889 its activities were greatly quickened through the 
accession of Doctor eT McClintock, who was called to New York as Ac- 
tuary of the Mutual Life Insurance Company. He strengthened the Society not 
only by his interest in scientific research but also by his administrative wisdom. 
At the annual meeting in December, 1890, he was elected president in succession 
to Professor Van Amringe of Columbia University. 


In December, 1890, it was proposed that the Society publish a journal which 
should contain reports of its meetings, historical and critical articles, general 
mathematical news, and short original papers. Doctor McClintock pointed out 
that in order to put this proposal into effect it would be necessary greatly to 
enlarge the membership of the Society; and at once the Secretary undertook 
to send to mathematicians all over the country a prospectus of the proposed jour- 
nal and an invitation to join the Society. In June, 1891, the membership of the 
Society had increased to 174, and in October of the same year the first number 
of the Bulletin of the New York Mathematical Society made its appearance. 


By the beginning of 1894 it was generally recognized that the Society had as- 
sumed a national character; and in response to a demand that came from many 
quarters its name was changed to the American Mathematical Society. A few 
months later the Society voted to provide funds for the publication of the papers 
read at the International Mathematical Congress held in Chicago in connec- 
tion with the World’s Fair in 1893. This was the first book published by the 
Society. The same year the Society held its first summer meeting in connection 
with the Brooklyn meeting of the American Association for the Advancement of 
Science. 


In 1895, Professor Cole was called from the University of Michigan to Co- 
lumbia University and became Secretary of the Society, in which capacity he 
continued to serve the Society for twenty-five years, being succeeded by the pres- 
ent Secretary in 1920. 


In 1896, at the suggestion of Professor H. S. White, the Society arranged 
for a colloquium to be held in connection with the summer meeting at Buffalo; 
since then, at intervals of one, two, or three years, nineteen colloquia have been 
held. Beginning with that held in Boston in 1903 the lectures have been published 
in book form. 


To provide for regular meetings at strategic points not on the Atlantic 
seaboard various sections were established from time to time. In 1897 there was 
organized the Chicago Section, in 1902 the San Francisco Section, and in 1907 
the Southwestern Section. These sections have now all been merged into the 
parent body. The total number of regular meetings held is now 334, besides sec- 
tional meetings. From the outset, the field of the Society has included Canada; 
important meetings have been held in Toronto in the summer of 1897 in con- 
nection with the British Association for the Advancement of Science and in the 
winter of 1921 with the American Association for the Advancement of Science. 
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In April, 1899, the Society felt that the time had come to inaugurate a 
journal which should contain the more important original papers presented at its 
meetings. This resulted in the publication of the Transactions of the American 
Mathematical Society beginning in 1900 with Professors E. H. Moore, E. W. 
Brown, and T. S. Fiske as editors. The initial financial difficulties were overcome 
through the generosity of a number of universities which granted subventions 
annually during a period of several years. 


In 1899, Professor Fiske, who had served for nine years as chief editor of 
the Bulletin, retired in favor of Professor Cole, who after twenty-one years of 
service was succeeded in 1920 by Professor Hedrick. 


Beginning in 1901 the Society entered into an agreement with Columbia 
University whereby that institution catalogues its library and makes the arrange- 
ments necessary for the loan of its books; in return the University makes use 
of the Society’s collection as a reference library. The most recent catalogue of the 
library issued by the Society is under date of 1932. From the very beginning, 
Columbia University has been liberal in its hospitality. Not only have half of the 
meetings of the Society been held in its buildings, but it has provided more than 
its share of officers and has furnished space to house its activities. The present 
quarters are dignified and commodious. 


In order to take over problems concerned primarily with teaching and organi- 
zation of college mathematics and with relations to secondary school instruction, 
a new organization, the Mathematical Association of America, was founded in 
1915. Nearly all the members of the Society are members of this new body and 
the organizations work together cordially, generally meeting in conjunction. 


At the outbreak of the war in 1914, the Society had reached a membership of 
about 700 and was recognized as one of the great mathematical societies of the 
world. During that conflict it was so fortunate as to be able to hold its ground 
but could hope for no growth. At the end of this difficult period, Professor Cole 
retired in 1920, after distinguished service rendered for twenty-five years as 
secretary and for twenty-one years as chief editor of the Bulletin. 


It became plain that the war had left many serious problems and that there 
was a crisis in the financial affairs of the Society. The great increase in the cost 
of mathematical printing that occurred during and after the war made it neces- 
sary for the Society to enlarge its resources if its publications were to be con- 
tinued. Accordingly steps were taken to enlarge the membership, with the re- 
sult that the latter has grown from 750 in 1920 to approximately 1850 in 1936. 
Through the devoted services of a small group in the Society an Endowment 
Fund* was collected. At one time more than thirty Sustaining Members, com- 
prising some of the great engineering firms and insurance companies of the 
country, as well as several universities, contributed annually to the support of 
its activities. The General Education Board and the Rockefeller Foundation have 
for the period 1925-36 granted generous and substantial subventions to aid in 
printing the journals. During several years special contributions were solicited 
from members. 


In the past fifteen years, the activities of the Society have been consid- 
erably extended. The Josiah Willard Gibbs Lectureship, established in 1923, fur- 
nishes to the general scientific public (by means of an annual lecture) an oppor- 
tunity for appreciation of mathematics and its applications. The Society Visiting 
Lectureship, the incumbent of which is a distinguished foreign or American mathe- 
matician, opens a channel for many universities to hear each year a lecture or 
series of lectures on some mathematical topic of current interest. Colloquia are 
now held yearly instead of triennially, with a corresponding increase in the 
number of volumes printed; prizes** have been established; reciprocity agree- 
ments have been arranged with the London Mathematical Society, the Deutsche 
Mathematiker-Vereinigung, and the Unione Matematica Italiana by each of 
which the members of one organization enjoy special privileges in the other. And 
the library has been strengthened. 


* See page 6. 
** See page 6. 
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Beginning with 1927 the Society entered into a contract with the Johns 
Hopkins University by which it shares in the responsibility for the American 
Journal of Mathematics; this agreement, which increased the printing space avail- 
able by four or five hundred pages, solved for the moment the problem of pub- 
lication facilities confronting American mathematics. A further most welcome 
contribution in this direction was the founding in 1935 of the Duke Mathematical 
Journal by Duke University. 


The number of papers read before the various meetings has grown to ag- 
gregate approximately four hundred annually. In spite of rising standards of ac- 
ceptance, the demand for space in both the Bulletin and the Transactions has in- 
creased so that each prints approximately one thousand pages, the establishment 
by the Rockefeller Foundation of National Research Fellowships in mathematics 
being in part responsible for this increase. 


The financial depression raised problems for the Society comparable in their 
seriousness with those of a dozen years earlier. The number of Sustaining 
Members fell to less than one-half and, beginning with July, 1936, the subvention 
from the Rockefeller groups was discontinued. Active steps were taken in this 
crisis to increase the revenue in other directions lest there be a disastrous cur- 
tailment of the activities of the Society. New types of membership were estab- 
lished in which the minimum payments are considerably in excess of the regular 
dues. Professor M. H. Ingraham, with the support of the Rockefeller Founda- 
tion, spent the year 1934-35 in interesting the universities and colleges of the 
country in the support of mathematical publications. This campaign, which was 
markedly successful, resulted in the enlisting of several score additional in- 
stitutional members. There are now more than 80 institutions, with total annual 
dues of approximately $7,000. 


There is still a demand for increasing the channels for publication of re- 
> and the establishment of a journal of applied mathematics has been sug- 
gested. 


In 1923 the organization was incorporated under the code of the District of 
Columbia. It is proposed that the Society celebrate in 1938 the fiftieth anni- 
versary of its founding, and plans for a worthy program are well under way. It 
is hoped that at that time a history of the activities of the Society can be published. 


STATISTICS 
Papers Cost of Total 
Year Members Presented Publications Expenditure 
1895 260 24 $ 556 $ 862 
1900 347 112 2,900 3,346 
1905 488 147 4,100 5,200 
1910 630 145 3,300 5,000 
1915 721 197 3,000 4,900 
1917 732 167 4,300 6,000 
1919 724 187 3,500 5,200 
1921 770 175 5,200 8,300 
1923 1,250 266 11,600 15,600 
1925 1,542 315 11,000 15,000 
1927 1,758 404 24,000 28,000 
1928 1,796 439 22,000 27,000 
1929 1,926 395 18,000 25,000 
1930 1,926 386 25,000 31,000 
193] 1,883 374 25,500 32,000 
1932 1, 321 29,000 36,000 
1933 1,783 415 23,000 30,000 
1934 1,782 343 26,500 34,000 
1935 1,863 436 23,000 35,000 
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INSTITUTIONAL MEMBERS 
SEPTEMBER, 1936 


COLLEGES, UNIVERSITIES, UNIVERSITY GROUPS, AND LEARNED 
SOCIETIES 


Amherst College, Amherst, Mass. 

Beloit College, Beloit, Wis. 

Bowdoin College, Brunswick, Me. 

Brigham Young University, Provo, Uta 

Department of Mathematics, Brooklyn Chilese, Brooklyn, N.Y. 

Brown University, RI. 

Bryn Mawr College, B ryn Mawr, Pa. 

California Institute of Technology, Pasadena, Calif. 

Carnegie Institute of Technology, Pittsburgh, Pa: 

Case School of Applied Science, Cleveland, Ohio. 

Catholic University of America, Washington, :C. 

Members kd the Department of Mathematics, College of the City of New York, 
New York, 

The College of St. , Se, St. Paul, Minn. 

Colorado College, Colorado ee hy. Colo. 

Columbia University, New York 

Connecticut College, New London, Conn. 

Cornell University, Ithaca, N.Y. 

Dartmouth College, Hanover, N.H. 

Duke University, Durham, N.C. 

Georgetown University, Washington, D.C. 

Gettysburg College, Gettysburg, Pa. 

Division of Mathematics, Harvard University, Cambridge, Mass. 

Haverford College, Haverford, Pa. 

Indiana University, Bloomington, Ind. 

Institute for Advanced Study, Princeton, N.J. 

Iowa State College, Ames, Iowa. 

The Johns Hopkins University, Baltimore, Md. 

Louisiana State University, Baton Rouge, 

McGill University, Montreal, Quebec, Canada. 

Massachusetts Institute of Technology, Cambridge, Mass. 

Mathematical Association of America, Oberlin, Ohio. ’ : 

Michigan State College of Agriculture and Applied Science, East Lansing, Mich. 

New York University, New York, N.Y. 

Northwestern University, Evanston, III. 

Ohio State University, Columbus, Ohio. 

General Research Council of the State of Oregon, Corvallis and Eugene, Ore. 

Pennsylvania State College, State College, Pa. 

Library of Purdue University, Lafayette, Ind. 

Rutgers University, New Brunswick, N.J. 

Smith College, Northampton, Mass. 

Stanford University, Stanford University, Calif. 

The State University of Iowa, Iowa City, Iowa. 

Stevens Institute of Technology, Hoboken, N.J 

Department of Mathematics, warthmore 3 Swarthmore, Pa. 

Syracuse University, Syracuse, N 

Tulane University, New Orleans, 

University of Buffalo, 1 Buffalo, N.Y. 

University of California, Berkeley, Calif. 

University of California at Los Angeles, Los Angeles, Calif. 

Department of Mathematics, University of Chicago, Chicago, IIl. 

University of Cincinnati, Cincinnati, Ohio. 

Department of Mathematics, University of Colorado, Boulder, Colo. 

University of Florida, Gainesville, Fla. 

Department of Mathematics, University of Illinois, Urbana, III. 

University of Kansas, Lawrence, Kan. 

Department of Mathematics, University of Kentucky, Lexington, Ky. 
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University of Manitoba, Winnipeg, Manitoba, Canada. 

University of Michigan, Ann Arbor, Mich. ; 

Department of Mathematics, University of Nebraska, Lincoln, Neb. 

ames 5M of Mathematics of the University of New Mexico, Albuquerque, 

-Mex. 

University of North Carolina, Chapel Hill, N.C. 

Department of Mathematics, University of Oklahoma, Norman, Okla. 

University of Pennsylvania, Philadelphia, Pa. 

University of Pittsburgh, Pittsburgh, Pa. 

University of Rochester, Rochester, N.Y. 

University of Southern California, Los Angeles, Calif. 

Departments of Mathematics and Applied Mathematics of the University of 
Toronto, Toronto, Ontario, Canada. 

University of Virginia, Charlottesville, Va. 

University of Washington, Seattle, Wash. 

University of Wisconsin, Madison, Wis. 

Virginia Polytechnic Institute, Blacksburg, Va. 

Department of Mathematics, Washington University, St. Louis, Mo. 

Department of Mathematics, Wayne University, Detroit, Mich. 

Department of Mathematics, Wellesley College, Wellesley, Mass. 

Wells College, Aurora, N.Y. 

Wesleyan University, Middletown, Conn. 

Western Reserve University, Cleveland, Ohio. 

Department of Mathematics, Williams College, Williamstown, Mass. 

Department of Mathematics, Yale University, New Haven, Conn. 


LIFE INSURANCE COMPANIES AND INDUSTRIAL CONCERNS 


Bell Telephone Laboratories, New York, N.Y. 

Equitable Life Insurance ray sd of Iowa, Des Moines, Iowa. 
John Hancock Mutual Life Insurance Company, Boston, Mass. 
Metropolitan Life Insurance Company, New York, N.Y. 
Prudential Insurance Company, Newark, N.J. 

Western and Southern Life Insurance Company, Cincinnati, Ohio. 


INSTITUTIONS FINANCIALLY COOPERATING 
WITHOUT TECHNICALLY BECOMING 
MEMBERS 


Lehigh University, Bethlehem, Pa. 

National Research Council, Washington, D.C. 
Princeton University, Princeton, N.J. 
Rockefeller Foundation, New York, N.Y. 


MEMBERS OF THE SOCIETY 
September, 1936 


(Life members are designated by ¢; nominees of institutional members by §.) 


§Abbott, Eleanor A. John Hancock Mutual Life Insurance Co., 197 Claren- 
don St., Boston, Mass. 

Abernethy, Dr. om 1435 W. Troy St., Ferndale, Mich. 

Ackermann-Teubner, Dr. B. G. A. Poststrasse 3, Leipzig, Germany. 

Adams, Prof. C. R. Brown Univ., Providence, R.I. 260 Doyle Ave. 

Adams, Prof. E, P. Princeton Univ., Princeton, N.J. 245 Nassau St. 

Adams, Dr. Helen S. (Mrs. L. P.). 2110 19th St., N.W., Washington, D.C. 

Adams, Prof. L. J. Santa Monica Junior Coll., Santa Monica, Calif. 722 22d 


St. 
Adams, Dr. O. S. U. S. Coast and Geodetic Survey, Washington, D.C. 727 
Massachusetts Ave., N.E. 
Adams, Dr. Rachel B. (Mrs. C. R.). 260 Doyle Ave., Providence, R.I. 
Adkisson, Asso. Prof. V. W. Univ. of Arkansas, Fayetteville, Ark. 523 Storer 


St. 
Adler, Claire F (Mrs. E. H.). Instr., Washington Square Coll., New York 
ae New York, N.Y. The Ediclare, Rock Tavern, Orange County, 


N 
Adshead, Asso. Prof. J. G. Dalhousie Univ., Halifax, Nova Scotia, Canada. 
Agard, Dean H. L. Williams Coll., Williamstown, Mass 
Agnew, Asst. Prof. R. % Cornell Univ., Ithaca, NY. 8 White Hall. 
Ahlfors, Asst. Prof. L. V. Harvard Univ. Cambridge, Mass. Widener 572. 
es, Dr. Beatrice. Lecturer, American Univ., Washington, D.C. 2617 
W. Georgian P1., Portland, Ore 
Akeley, Asst. Prof. Evelyn N. Skidmore Coll., Saratoga Springs, N.Y. 
Akeley, Asst. Prof. E. S. Purdue Univ., Laf ayette, Ind. 220 Waldren St. 
Albert, Asst. Prof. A. A. Univ. of Chicago, Chicago, Ill. Eckhart Hall. 
Albert, G. E. Assistant, Univ. of Wisconsin, Madison, Wis. Math. Dept. 
Albert, Prof. O. W. Univ. of Redlands, Redlands, Calif. 629 Buena Vista St. 
Alden, Prof. H. H. New Mexico Military Inst., Roswell, N.Mex. 
Alexander, Prof. J. W. Inst. for Advanced Study, Princeton, N.J. 29 Cleve- 
Lane. 
Alger, P. L. Electrical Engineer, General Electric Co., Schenectady, N.Y. 
1758 Wendell Ave. 
Allen, Prof. E. B. Rensselaer Polytechnic Inst., Troy, N.Y. 4 Sheldon Ave. 
Allen, Asso. Prof. E. S. Iowa State Coll., Ames, Iowa. 
Allen, Dr. Florence E. Instr., Univ. of Wisconsin, Madison, Wis. 219 Lathrop 


St. 

Allen, Prof. R. B. Kenyon Coll., Gambier, Ohio. 

$Allendoerfer, C. B. Fellow, Princeton Univ, Princeton, N.J. Graduate Coll. 

Allison, N. B. Univ. of Kentucky, Lexington, Ky. 

Alsberg, Dr. C. L. Director, Food Research fue. Stanford Univ., Stanford 
University, Calif. 

Alsberg, Julius. Consulting Engineer. 114 E. 32d St., New York, N.Y. 

race Pt D. B. Instr., Rensselaer Polytechnic Inst., Troy, N.Y. 31 Maple 


ve. 

Ames, Prof. L. D. Univ. of Southern California, Los Angeles, Calif. 

Ananda-Rau, Prof. K. Presidency Coll., Madras, India. 

Anderson, Prof. John. The Citadel, Charleston, S.C. 

Anderson, east Prof. Mae R. Concordia Coll., Moorhead, Minn. 507 10th 

Anderson, Prof. Nola L. Newcomb Coll., New Orleans, La. 

Anderson, Asst. Prof. R. Lucile. Hunter Coll., 145 E. 32d St., New York, N.Y. 

Anderson, Prof. W. E. Miami Univ., Oxford, Ohio. 

— L. B. Harvard Univ., Cambridge, Mass. 107 Poplar St., Watertown, 
ass. 
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Appuhn, Asst. Prof. W. E. F. Stevens Inst. of Technology, Hoboken, N.J. 
Archibald, H. F. Wolfville, Nova Scotia, Canada. 

+Archibald, Prof. R. C. Brown Univ., Providence, R.I. 

Archibald, ‘Asst. Prof. R..G. Columbia Univ., New York, N.Y. Hamilton Hall. 
Arms, Prof. R. A. Gettysburg Coll., Gettysburg, Pa. 143 Springs Ave. 
—— Dr. Beulah M. Associate, Univ. of Illinois, Urbana, II]. 364 Math. 


Acuateonn, Asst. Prof. L. E. Stevens Inst. of Technology, Hoboken, N.J. 

Arnold, Asso. Prof. H. E. Wesleyan Univ., Middletown, Conn. 

J. W. Electrical Western Union Telegraph Co., 60 Hud- 

on St., New York, N 

Poe: Asst. Prof. L. A. Colorado State Coll., Fort Collins, Colo. 

Artiaga, Santiago. City Engineer, City Hall, Manila, Philippine Islands. 

Ashman, E. T. Darien High School, Darien, ‘Conn. 11 Fairview Ave. 

Astrachan, Dr. Max. Instr., Antioch Coll., Yellow Springs, Ohio. 

Atanasoff, Asst. re J. V. "Towa State Coll., Ames, Iowa. Math. Dept. 

TAtchison, . Washington and Jefferson Coll., Washington, Pa. 442 
. Beau dt. 

Aude, Prof. H. T. R. Colgate Univ., Hamilton, N.Y 

Ayres, Asso. Prof. Frank. Dickinson Coll., Carlisle, ‘Pa. 426 S. Pitt St. 

Ayres, Dr. H. C. Instr., Univ. of Nevada, Reno, Nev. Math. Dept. 

an Prof. W. L. Univ. of Michigan, Ann Arbor, Mich. 1204 Henry 
t. 


Babb, Prof. M. J. Univ. of Pennsylvania, Philadelphia, Pa. 

Babcock, Dean R. W. Division of General Science, Kansas State Coll., Man- 
hattan, Kan. 

Babcock, Wealthy. Instr., Univ. of Kansas, Lawrence, Kan. 

+Bacon, oe Emeritus Clara L. Goucher Coll., Baltimore, Md. 2316 N. Cal- 
ve 

Bacon, oa. Prof. H. M. Stanford Univ., Stanford University, Calif. Box 


Baer, Dr. Reinhold. Inst. for Advanced Study, Princeton, N.J. Fine Hall. 
ae, Se L. C. Linsley Inst. of T zchnology, Wheeling, W.Va. 33 Maple 


Bagnall, V. B. Long Lines Dept., American Telephone and Telegraph Co., 
32 6th Ave., New York, N. Y. Room 2100. 

senest Dr. B. I. National Univ. of Buenos Aires, Buenos Aires, Argentina, 

elgrano 

Bailey, Asst. Prof. H. W. Univ. of Illinois, Urbana, II]. 251 Math. Bldg. 

Bailey, Dr. R. P. Instr., Lafayette Coll., Easton, Pa. Faculty Club. 

Baker, Dr. Frances E. Instr., Mt. Holyoke Coll., South Hadley, Mass. 

Baker, Dr. G. A. 1718 2d Ave. N., Birmingham, Ala. 

Baker, Asso. Prof. R. P. Univ. of Iowa, Iowa City, Iowa. 929 Kirkwood Ave. 

Ball, Dr. N. H. Instr., U. S. Naval Academy, Annapolis, Md. 

Ballantine, Dr. Constance R. (Mrs. J. P.). Associate, Univ. of Washington, 
Seattle, Wash. 1802 povene Blvd. 

Ballantine, Asso. Prof. J. P. Univ. of Washington, Seattle, Wash. 1802 Ra- 
venna Blvd. 

Ballou, Asst. Prof. D. H. Georgia School of Technology, Atlanta, Ga. 678 
Moreland Ave., N.E. 

Ballou, Prof. W. A. Junior Coll. of Connecticut, Bridgeport, Conn. 

Bamforth, Asso. Prof. F. R. Ohio State Univ., Columbus, Ohio. Math. Dept. 

Banks, Prof. G. B. Niagara Univ., Niagara University, N.Y. 

Barber, ide. S. F. Associate, Univ. of Iowa, Iowa City, Iowa. 221 Physics 

Bardell, RE H. 2946 N. 44th St., Milwaukee, Wis. 

Bareis, "Asst. Prof. Grace M. Ohio State Univ., Columbus, Ohio. Canal Win- 
chester, Ohio. 

Barker, J. E. Dahlgren, Va. 

Barnard, Asso. Prof. R. W. Univ. of Chicago, Chicago, Ill. Eckhart Hall. 

Barnes, ‘Asst. Prof. J. L. Tufts Coll., Medford, Mass. 132 Brookings St. 


Members of the Society 15 


Barnes, Dr. Mabel S. Ore J. L.). 132 Brookings St., Medford, Mass. 

Barnett, Asso. Prof. I. A. Univ. of Cincinnati, incinnati, Ohio. 

wecies ° gr C. A. Univ. of New Mexico, Albuquerque, N.Mex. 115 S. 
aple St. 

Instr., Square Coll., New York Univ., New York, 

Y. 835 East Bl dg. 
Barr, Prot H. H. Harris ischers at. St. Louis, Mo. 
Bartky, Dr. Walter. Instr., Univ. of Chicago, Chicago, Ill. 
Bartleson, E. L. Actuarial Dept. General, Prudential Insurance Co., Newark, 
N.J. 39 Lincoln Park. 

Bartlett, Asst. Prof. J. H. Univ. of Illinois, Urbana, Ill. Physics Dept. 

Basoco, Asso. Prof. M. A. Univ. of Nebraska, Lincoln, Neb. 

ane, i Metropolitan Life Insurance Co., 1 Madison Ave., New 
ork, N. 

Basye, Dr. R. E. Ave., Kansas City, Mo. 

Batchelder, Asso. Prof. P. M. Univ. of Texas, Austin, Tex. 808 W. 22d St. 

Bateman, Prof. Harry. California Inst. of Technology, Pasadena, Calif. 

Baten, Asst. Prof. W. D. Univ. of Michigan, Ann Arbor, Mich. 1116 Packard 


St. 

eettlg, Leon. Instr., Univ. of Wisconsin at Milwaukee, Milwaukee, Wis. 
1825 W. Wright St. 

memeta S. Vice-Pres., North Shore News Co., 50 Exchange St., Lynn, 

ass. 

Beal, = F. W. Univ. of Pennsylvania, Philadelphia, Pa. College Hall. 

Beale, Dr. F. S. Instr., Lehigh Univ., Bethlehem, Pa. 316 W. Packer Ave. 

Beatley, Asso. Prof. Ralph. Harvard Univ., Cambridge, 38, Mass. Harvard 
Graduate School of Education. 

Beatty, Prof. Samuel. Univ. of Toronto, Toronto, Ontario, Canada. 

Beaty, Marjorie H. (Mrs. D. W.). Research Fellow, Univ. of Colorado, 
Boulder, Colo. 138 Harding Hall. 

Beaver, Asst. Prof. R. A. New York State Coll. for Teachers, Albany, N.Y. 
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ARKANSAS 
Arkadelphia 

Harrell 
Conway 

Caraher 
Fayetteville 

Adkisson 

Hosford 

Nichols 

D. P. Richard- 

son 

Jonesboro 

N. H. Brown 


CALIFORNIA 


Atascadero 
Schmiedel 
Berkeley 
C. E. Smith 
Zuckerman 
University of 
California 
B. A. Bernstein 
Buck 
G. C. Evans 
A. L. Foster 
Goldsworthy 


F. Irwin 

R. D. James 
D. N. Lehmer 
Lenzen 
Leuschner 


T. M. Putnam 
Sperry 

Sugar 

Swinford 

J. M. Thompson 
A. R. Williams 
Wong 


Brawley 


Pemberton 


Claremont 


H. J. Hamilton 
Jaeger 


Compton 


Duncan 


Davis 


Roessler 


Fresno 


F. R. Morris 


Glendale 


Harrington 


La Jolla 


G. F. McEwen 


Los Angeles Jun- 


ior College 
Urner 


University of 


California at 
Los Angeles 
C. Bell 

Daus 

Glazier 

E. R. Hedrick 
Hestenes 

G. H. Hunt 
G. James 
Sherwood 

W. M. Whyburn 
Worthington 
Zorn 


University of 


Southern Cali- 
fornia 

L. D. Ames 
Steed 


Pasadena 
A. E. Taylor 
California Insti- 


tute of Technol- | 


ogy 
Bateman 
E. T. Bell 
Birchby 


San Francisco 
Haley 
McCarty 

San Jose 
Heaslet 

Santa Ana 
Whiting 

Santa Monica 
L. J. Adams 

Stanford Univer- 
sity 
C. L. Alsberg 
H. M. Bacon 
Blichfeldt 
W. F. Durand 
Harrold 
Hoskins 
Luther 


W. A. Manning 


Uspensky 
Stockton 
Corbin 


COLORADO 


Boulder 
Beaty 
Britton 
DeLong 
Hutchinson 
Kempner 
Kendall 
McMaster 


Colorado Springs 


Lovitt 
Rawles 
Roos 
Sisam 
Denver 
Powers 
Sabin 
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| U. S. Bureau of 


Reclamation 
Brahtz 
Rainville 
Fort Collins 
Aroian 
Gunder 
Golden 
Fitterer 
Loretto 
Rose Margaret 
(Cook) 


CONNECTICUT 


Bridgeport 

W. A. Ballou 
Darien 

Ashman 
Hartford 

Donchian 


Shanok 
Hartford Federal 


College 
Bronstein 
Trinity College 
dourian 
Downs 
M. H. Martin 
A. K. Mitchell 
Lakeville 
Northrop 
Litchfield 
Kavanagh 
Middletown 


H. T. Burgess 
Milford High 

School 

B. Rosenbaum 

J. Rosenbaum 
New Haven 

Hausmann 

H. Thompson 
Yale University 

Brown 

Coles 

Degnan 

Dresher 

Dunford 

Engstrom 

Hille 

Kovarik 


Athens 
Wyant | 
Bimingham 
er 
Cofield S. H. Levy 
Marion Lewy 
Morrey 
| Mowbray M. Mason 
| Noble Michal 
| Tolman 
| Van Buskirk | 
| M. Ward 
Wear 
| Redlands 
| O. W. Albert | 
michael San Diego 
J. P. Gill | Klauber 
Hummel | 
F. A. Lewis 
Mancill | Elston 
W. P. Ott P| Keffer 
— |= | 
| 
| 
Los Angeles 
Collier 
. Koch 
H. E. Arnold 
| 
. H. Camp 
M. C. Foster 
Howland 
Milford 


New London 
Connecticut Col- 
lege 
I. Bower 


Lei 
U. S. Coast Guard 
Academy 
Dimick 
Storrs 
Cheney 
C. H. W. Sedge- 
wick 
R. W. Sedgewick 
Washington 
Gurney 
DELAWARE 


Cannon 
Cannon 

Claymont 
Sromovsky 


urel 

J. R. K. Stauffer 
Newark 

Harter 

McDougle 

C. J. Rees 


DISTRICT OF 
COLUMBIA 
Washington 
H. S. Adams 
Bradt 
Cromwell 
H. K. Cum- 
mings 
Dabney 
Edmonston 


Tyler 

Van Orstrand 
American Univer- 

sity 

Aitchison 
Catholic Untver- 
sity of America 


. N. Rice 


George Washing- 
ton University 


sit 


Miner Teachers 
College 
Haynes 
Trinity College 
Thomas Marie 
(Maloney) 
U. S. Coast and 
Geodetic Survey 
Adam: 


Larrivee 
Steinert 
Wertheimer 

U. S. Weather 
Bureau 
W. J. Humph- 

reys 

Woolard 


FLORIDA 


Deland 
Faulkner 


W. Wilson 
Jacksonville 

H. Rosser 
Lakeland 

Reinsch 
Winter Park 

Hutchings 


GEORGIA 


Atlanta 
Georgia School of 


Technology 
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D. H. 
J. E. Boyd 


Steen 
Spelman College 
dwell 


ton 
M. E. Howell 


HAWAII 

Honolulu 

Castle 

Yap 

IDAHO 

Boise 

A. B. Carson 
Caldwell 

Rankin 


Moscow 
Bender 
E. Taylor 


ILLINOIS 
Bloomington 
M. Hunt 

Carbondale 
Mayor 

Chicago 
F. W. Boyce 
C. P. Brady 
E. R. Carter 
Fordney 
Hornberger 
Levinson 


Schweit- 


‘Smith 
Armour Institute 
of Technology 


D. F. Campbell 

W. M. Davis 

Krathwohl 

Oldenburger 

G. C. Webber 
Central Y.M.C.A. 

College 

J. E. Davis 

Gore 
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DePaul University 
Corliss 
Loyola University 
t 


Mundelein College 
Mary Sylvester 
St. Francis Xavier 


Everett 
M. Graves 
ull 


MacMillan 
Moscovitch 


W. A. Young 
Woodrow Wilson 
Junior College 
Kinney 


D. R. Curtiss 
H. L. Garabe- 
dian 
Griffiths 
Holgate 
E. J. Moulton 


R. C. Stephens 
Hinsdale 

F. H. Murray 
Joliet 

F. C. Smith 
Lake Forest 

Curtis 


Longley Finan 
Miles 
Ore Ramler Fulmer 
D. T. Perkins | Georgetown Uni-| Sewell O’Mara 
| Raudenbush versity D. M. Smith Tordella 
Riblet Sohon 
P. F. Smith 
Tracey Johnston College 
Uhler Mears E. C. Pixley 
Whittemore J. H. Taylor Lang University of Chi- 
W. A. Wilson Weida : Decatur cago 
Wrench Howard Univer- H. A. Robinson A. A. Albert 
My Macon Barnard 
G. M. Jones Wade Bartky 
Woodard Milledgeville Bliss 
t. 1ckson 
Jacobson 
E. P. Lane 
Logsdon 
Lunn 
rling 
U. S. Navy De- Rasmusen 
partment Reid 
Goldberg Sanger 
Schultz 
Slaught 
DeKalb 
Gainesville ewson 
U. P. Davis 
Dostal 
F. R. Moulton 
usner 
Phipps 
uade 
revi 
H. B. Hedrick Wall “6 
— F. E. Wood 
Nagle om 
Perlo 
Sasuly 


E. O. Schweit- 
zer 
Oak Park 
Escott 
Peoria 
Comstock 
Rockford 
McGavock 
Rock Island 
Cederberg 
Urbana 
Hartley 
G. S. Ketchum 


Terry 
University of Illi- 
nots 
B. M. Arm- 
strong 
H. W. Bailey 


P. W. Ketchum 
H. Levy 

Lytle 

H. J. Miles 

G. A. Miller 
E. D. Pepper 
J. W. Peters 
Townsend 
Trjitzinsky 
W. Wilson 


INDIANA 


Bloomington 
H. T. Davis 
Hacker 
Hennel 
Rothrock 
K. P. Williams 
H. E. Wolfe 
Collegeville 
Schon 


American Mathematical Society 


Fort Wayne 
Cowgill 
Greencastle 
Edington 
Hanover 
Meyer _ 
Indianapolis 
L. C. Cox 
Gingery 
Butler University 
Getchell 
Lafayette 
E. S. Akeley 
Hodge 
Jonah 
Lanczos 
Marshall 
T. E. Mason 
A. H. Smith 
R. B. Stone 
Westlund 
Muncie 
Shively 
Whitcraft 
— Dame 


Terre Haute 
Hoel 


IOWA 


Ames 
E. S. Allen 
Atanasoff 
Gouwens 
Herr 
Hinrichsen 


oll 
J. V. McKelvey 
M. M. McKelvey 


Higdon 


Norlie 
Des Moines | 
Drake University 


Neff 

Equitable Life In- 
surance Com- 
pany of Iowa 
Hunter 
P. C. Irwin 
McCankie 


MacKinnon 

Nollen 
Dubuque 

Mary Resignata 

Theobald 
Grinnell 

McClenon 


Barber 
Chittenden 
Conkwright 
A. T. Craig 
Keeler 
Reilly 
H. L. Rietz 
Shanks 
Stopher 
L. E. Ward 
R. Woods 
Joliet 
F. C. Smith 
Mt. Vernon 
Moots 
Sioux City 
Graber 
Gwinn 


KANSAS 


Atchison 
Pretz 
Bethel College 
Richert 
Emporia 
O. J. Peterson 
C. B. Tucker 
Hays 
Warnock 
Highland 
Culbertson 
Lawrence 
W. Babcock 
F. L. Black 
H. E. Jordan 
U. G. Mitche'l 
G. W. Smith 
Stouffer 
J. J. Wheeler 
Lindsborg 
farm 
Manhattan 
R. W. Babcock 
Cramer 
Daugherty 
Hyde 
Mossman 
Remick 
Stratton 
Pittsburg 
R. G. Smith 


Salina 

Mary Nicholas 
(Arnoldy) 

Topeka 

W. A. Harsh- 
barger 
Householder 

Wichita 
Longenecker 


KENTUCKY 


Berea 

Hutcherson 
Bowling Green 

Yarbrough 
Covington 

Marv Domitilla 

(Thuener) 

Emporia 

O. J. Peterson 
Frankfort 

W. W. Jones 
Lexington 

Allison 

P. P. Boyd 

L. W. Cohen 

H. H. Downing 

Jenkins 

F. John 

Latimer 

LeStourgeon 

Pence 
Louisville 

Bullitt 

Stevenson 
Murray 

Carman 
Nazareth 

Mary Charlotte 

(Fowler) 

Richmond 

R. S. Park 


LOUISIANA 


Baton Rouge 

Parker 

Rutt 

Sanders 

H. L. Smith 
New Orleans 
Newcomb College 

N. L. Anderson 

M. G. Humph- 

reys 

Many 

M. C. Spencer 
Tulane University 

H. E. Buchanan 

Comfort 

Duren 

C. Hopkins 

J. F. Thomson 


56 | 
Carus | 
Lisle 
Shonka 
Marion 
G. R. Carter | 
Monmouth 
Beveridge W. J. Rusk } 
Finley Iowa City | 
Northbrook R. P. Baker | 
| 
| | 
Paoli 
Bentley 
Richmond 
Bartlett H. D. Owens Td 
O. K. Bower 
Brahana 
Bristow 
R. D. Car- 
michael 
Chanler 
Coble 
Crathorne 
Doob 
Emch 
Hazlett 
Hoersch 
P. G. Robinson 
E. R. Smith 
H. F. Smith 
J. S. Turner 
Boone 
| 
Cedar Falls 
Kearney 
Cedar Rapids 
ecora’ 

| St. Mary’s 

O’Connor 
| 
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MAINE 


Brunswick 
Hammond 
Holmes 
Korgen 
W. A. Moody 


"Kimball 
Waterville 
Schoenberg 


MARYLAND 


Clements 

A. E. Currier 

Kells 

Littauer 

T. W. Moore 

Rawlins 

Root 

Scarborough 

L. T. Wilson 
Baltimore 

Dawkins 

Dorroh 

L. B. Robinson 

Sutton 
Goucher College 

C. L. Bacon 

F. P. Lewis 

Torrey 
Johns Hopkins 

University 

A. Cohen 

J. H. Curtiss 

R. H. Fox 

Harry 

Haviland 

van Kampen 

Kershner 

F. Morley 

Morrill 

Murnaghan 

L. J. Ree 

Trott 

Turpin 

J. Williamson 

Wintner 

Zariski 
Cheltenham 

Hartwell 
Chestertown 

W. J. Robinson 
College Park 

Dantzig 
Frederick 

R. G. Mason 


Westminster 
Spicer 


MASSACHU- 
SETTS 


C. W. Franklin 
R. R. Struik 
Boston 
Cleary 
Dysart 
A. B. Gould 
L. A. McCoy 
Pousland 
Rines 
Boston University 


Mode 
Graduate School 
of Business Ad- 
ministration, 
Harvard Uni- 
versity 
T. H. Brown 
Leavens 
Harvard School 
of Public Health 
E. B. Wilson 
John Hancock Mu- 
tual Life Insur- 
ance Company 
Abbott 
H. A. Garabe- 
dian 
Grout 
Howe 
Vatter 
Northeastern Unt- 
versity 
E. E. Haskins 
Spear 
Simmons College 
Hemenway 
Brockton 
N. Kaplan 
Brookline 
Groat 
A. L. Miller 
Cambridge 
Galbraith 
Korzybski 
E. W. Wilson 
Harvard Univer- 
sity 
Ahlfors 
Andrews 
Beatley 
G. Birkhoff 
G. D. Birkhoff 


stein 

Huntington 

R. F. Jackson 

Kennelly 

W. T. Lewis 

Lyman 

MacNeille 

Mosesson 

Oxtoby 

Pitcher 

Shapley 

H. M. Sheffer 

M. H. Stone 

Street 

J. H. Van Vleck 

Walsh 

H. Whitney 

Widder 
Massachusetts In- 

stitute of Tech- 

nology 

V. Bush 

Cameron 

Crout 

Douglas 

Douglass 

P. Franklin 

C. E. Fuller 

Goodwin 

Harvey 

Hopf 

Keyes 

W. T. Martin 

Phillips 

Rutledge 

D. J. Struik 

W. C. Taylor 

Vallarta 

Wadsworth 

Wiener 

S. Woods 

Zeldin 
Radcliffe College 

M. C. Graustein 
Chestnut Hill 

McCormick 

Marcou 
Dorchester 

Kales 

M. Sullivan 


M. S. Barnes 
Tufts College 
J. L. Barnes 


Ransom 
F. G. Wren 


N. H. McCoy 
D. Montgomery 


R. G. Wood 
North ‘Cambridge 
Osgood 
Norton 
C. A, Garabedian 
Petersham 
Moriarty 
Southbridge 
Boeder 
South Hadley 
F. E. Baker 
Doak 
Litzinger 
Springfield 
A. V. Newton 
W. B. Robinson 


Clara E. Smith 
Wellesley College 

L. P. Copeland 

H. A. Merrill 


M. M. Young 
Weston 

Leonarda 

(Burke) 

West Somerville 

Schaeffer 
Williamstown 

Agard 

J. G. Hardy 

D. E. Richmond 

Shepard 

V. H. Wells 
Worcester 

Rabinow 

A. H. Wheeler 
Worcester Poly- 

technic Institute 


ay 
R. K. Morley 
H. Rice 


MICHIGAN 


Albion 
Sleight 
Ann Arbor 
Grennan 


| 
Boas 
Chafee 
i H. E. Clifford | Natick 
Coolidae 
rum ewton High- 
Amherst W. C. Grau- lands 
B. L. Brown Holley 
C. W. Cobb Northampton 
Esty S. R. Benedict 
Sprague 
Belmont | 
| Aberdeen 
i Dederick 
Annapolis 
Ball 
Bramble 
Capron 
R. Church 
Bruce 
Swampscott 
G. W. Evans 
E. Thomson 
Wellesley 
| Russell 
| 
| | | 
| | | 
ynn 
| 
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Iniversity o Hillsdale Cleveland Vezeau ie 
J Beeler Hickey Washington Uni- 
W. L. Ayres 00 Ellisville versity 
Baten Mary Christo- McFarland Buell 
Bradshaw pher Gulf rt Butter 
Churchill Walton O’Ferrall Dunkel 
A. H. Copeland | Marquette Jackson Langsdorf 
tw Spooner D. McCoy Rider 
Dushnik Nazareth Sampson Rorver 
Dwyer Fites State College J. Y. Stephens 
Field Revel Oak Szegé 
W. B. For ue n Springfield 
Hume 
iide-| MINNESOTA H’Doubler 
brandt MISSOURI Warrensburg 
L. A. Hopkins | Coleraine Clayton Scarborough 
Kaltenborn Rosskopf 
Karpinski Rule MONTANA 
ap ; Colle 
C. E. Love University of Min- ae Se ge — 
MacKay University of Mis-| I. Foster 
Menge ‘ Brook souri Helena 
E. W. Miller Tooke H. Betz Canning 
Nyswander ag Blumenthal Topel 
Vv. Cc. Poor Dal ke ud H. C. Carter Missoula 
Rainich —— Ewing E. F. A. Carey 
W.L. Hart Westfall A. S, Merrill 
R. W. Wagner Jefferson City 
waa Talbot NEBRASKA 
eimers Kansas City 
R. LE. Wilder Basye 
Detroit Scherberg Melcher Lincoln 
Gewton Shumway University of Union College 
Fisk ® Underhill Kansas City ht 
Detroit Institute of nderni Luby ; pecht 
Technology Wegner Sisley e- 
Goldman Lexington a 
University of De- ‘Anderson | Munro 
trott J. Ol neerson | Parkville Cc. 
McCarthy Northfiel Crull Cand p 
Muehlmann «White St. Louis 
Wayne Untversity Ook E. L. Harris 
Soquaen M. A. Wilder Herzog Pierce 
Coral Rochester E. W. King Runge 
Fischer Oberg Rafferty Stafford 
Folley St. Paul R. L. Short Webster 
Morrow tear Harris Teachers 
A. L. Nelson College of St College Earl 
H. H. Pixley nt . Barr Wayne 
East Lansing L. E. Bush Osborn J. W. Boyce 
P. L. Dressel Masher Maryville College Tove 
V. Thielman (Kernag- 
J. D. Hi an) 
W. S. Kimban | Winona St. Louis College| NEVADA 
H. L. Olson of 
Plant eFoe 
Powell MISSISSIPPI | > t. Louis Univer-| F. Wood 
Speeker Agricultural Col- sity NEW 
Ferndale ege Case | 
Rapids corn egan 
— Wilton W. B. Nelson A. E. Ross G. M. Conwell 


| 
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Durham 

Slobin 

Solt 
Exeter 

Pennell 
Hanover 

E. P. Brown 


Morgan 
Dartmouth College 


NEW JERSEY 


Belleplain 
Durell 
Elizabeth 
Eason 


Hackettstown 
LaMotte 
Hoboken 
Appuhn 
L. E. Armstrong 
H. N. Davis 
Deimel 
Hazeltine 
Linden 
D. L. Fuller 
Mountain Lake 
Shewhart 
Newark 
Conkling 
L. L. Jackson 
E. E. Rhodes 
J. S. Thompson 
Widmark 
Essex County Jun- 
tor College 


u 
Newark College of 
Engineering 
Fithian 
Prudenttal Insur- 
ance Company 
Bartleson 
Brush 
Fitzgerald 
V. Howell 
Kineki 
Lundgren 
Sosnow 
New Brunswick 
New Jersey Col- 
lege for Women 
Meder 
C. A. Nelson 


Walter 
Univer- 


Perth Amboy 


Institute for Ad- 
vanced Study 
Alexander 


Comenetz 
Fialkow 
M. Hall 
M. Kline 
R. S. Martin 
M. Morse 
yers 
von Neumann 
G. B. Price’ 
M. Richardson 
Tompkins 
Veblen 
Weyl 
Zippin 
Princeton Univer- 
sity 
E. P. Adams 
Allendoerfer 
Bochner 
Bohnenblust 
A. Church 
Dribin 
Eisenhart 
Gillespie 
Knebelman 
Lefschetz 
H. P. Robertson 
Steenrod 
T. Y. Thomas 
Titt 
A. W. Tucker 
Wedderburn 
Wigner 
Wilks 
Willson 
Roselle 
Huntley 
Lepeshkin 
South Orange 
Rauch 
Stanwick 


G. A. Campbell 
New Jersey State 
Teachers Col- 
lege 
D. R. Davis 
Fehr 
E. H. C. Hilde- 


NEW MEXICO 
Albuquerque 
Barnhart 
Newsom 
Las Vegas 
Rodgers 
Roswell 
Alden 
Santa Fe 
Mickelson 
Silver City 
P. M. Singer 
State College 
P. K. Rees 


NEW YORK 
Albany 

Glasgow 

B. F. Kimball 

W. R. Thomp- 


son 

New York State 
College for 
Teachers 
Beaver 
Birchenough 
DoBell 
Lester 
Shover 
E. C. Stokes 

Aurora 
Hollcroft 
E. C. Rusk 

Brook Haven 
Hawkins 


Schuyler 


Brooklyn College 
Borofsky 


Boyer 

Dillon 

Feld 

Fleisher 

H. M. Griffin 
R. A. Johnson 
Kennison 
J. P. Kormes 
A. W. Landers 
MacNeish 

L. T. Moore 
Nicholson 
Prenowitz 
J. Singer 

. Wolfe 

oodbridge 


Polytechnic Insti- 
tute of Brooklyn 
William Johns- 


Pratt Institute 
Cowles 
E. D. Smith 
J. E. Thompson 
St. Joseph’s Col- 
lege for Women 
Francis Xavier 
Buffalo 
Podmele 
Sheridan 
D’Youville College 
Mary Imelda 
University of Buf- 
falo 
Gehman 
Montague 
E. R. Ott 
Pound 
Clinton 
H. S. Brown 
Carruth 
Ferry 
Cohocton 
Mehlenbacher 
Crown Point 
R. Henderson 
Elmira 
Suffa 
F. M. Wright 
Garden City 
J. Bowden 
Geneva 
Durfee 
Hubbs 
Groton 
C. E. Rhodes 


Ra Shuster 
sity Upper Montclai 
Brasefield 
H. S. Grant 
R. Morris 
Orange 
Strock 
Brown | brandt 
Forsyth Fullerton Mallory 
C. N. Haskins Princeton West Orange 
Mathewson Burton Edison 
F. W. Perkins Flood 
R. Robinson Parke 
R. C. Stauffer Long Uni- 
. E. Wilder versity 
Stratham Knobelauch 
Wiggin H. G. Lieber 
L. R. Lieber 
Baer 
A. H. Clifford 
ton Berry 
Fenn 
Greeley 
Brooklyn 
E. M. Blake 
Deutsch 
DeVita 
Haight 
M. Halperin 
Hamermesh 
Langman 
Lassar 
L. L. Locke 
Maddaus 
| 


Wardwell 
Highland Mills 

H. G. Kaplan 
Ithaca 

E. A. Miller 
Cornell University 

Agnew 

W. B. Campbell 

Carver 

Clark 

Flexner 

Hurwitz 

B. W. Jones 

Karapetoft 

Lawrence 

D. C. Lewis 

Lowenstein 


R. 1. Walker 
Warschawski 
Jamaica 
Shiffman 
Long Island City 
Morrison 
Mt. St. Vincent- 
on-Hudson 
Catharine Marie 
New York 
J. Aisberg 
J. W. Arnold 
Berkeley 
Berman 
M. A. Bowden 
R. W. Burgess 
Clingan 
W. B. Coleman 
Cooper 
Ellis 
Frankel 
Gallatin 
Gibbs 
W. J. Graham 
Greitzer 
S. E. Hotelling 
Jablonower 
Jacobus 
Joffe 
Kagno 
S. Y. Keyser 


Lazarus 
Mirick 


Moir 

Murphy 

Neuman 

Otten 

Parsons 

E. A. Porter 

Preston 

C. A. Richmond 

Robbins 

Roosevelt 

L. G. Simon 

D. E. Smith 

Tanzola 

Warner 

W. Weaver 

A. W. Whitney 

E. C. Williams 

W. J. Willis 
American Mathe- 

matical Society 


American Tele- 
phone and Tele- 
graph Company 
Bagnall 


Bell Telephone 
Laboratories 


e 
Dietzold 
Fry 
Gray 
P. C. Jones 
Kammerer 
MacColl 
Molina 
Olmstead 
Riordan 
Schelkunoff 
Sunde 


College of the City 
of New York 
Boeker 


S. L. Robinson 


American Mathematical Society 


R. C. Shook 
R. F. Smith 
Wetzel 
Wirth 
H. N. Wright 
College of the 
Sacred Heart 
Mira 
Columbia Univer- 
sity 


R. Archibald 


M. A. Durand 
A. A. Evans 
Fiske 

Fite 

Gourin 
Hawkes 
Hofmann 
H. Hotelling 
Kasner 

C. J. Keyser 
Koopman 
Lorch 
Mullins 

F. J. Murray 
Northcott 
Pfeiffer 

C. L. Poor 
Reeve 

Ritt 

Ruger 
Serghiesco 
Siceloff 

P. A. Smith 


Upt 
Williams 
Wills 
Cooper Union 
F. H. Miller 
Reddick 
Hunter College 
L. Anderson 
Becker 
Blanch 
Bradley 
Jewell H. 
Bushey 
J. H. Bushey 
Eisele 
Guggenbith! 
. S. Hill 
M. K. Landers 
Levin 
McLaughlin 
M. S. Rees 
Simons 
Weisner 
Metropolitan Life 
Insurance Com- 
pany 
Bassford 


William James 
erry 
. V. Carpenter 
Christman 
D. Craig 
Hohaus 
Lotka 


Penney 
Mutual Life In- 
surance Com- 


pany 
Monsky 


trong 
New York Uni- 
versity 
Adler 
Baron 
F. Bernstein 
Cooley 
Courant 
Farnum 
Flanders 
P. H. Graham 
F. C. Hall 
Helliwell 
F. W. John 
Kittell 
McKinsey 
Payne 
A. S. Peters 
R. G. Putnam 
S. G. Roth 
Schlauch 
Tilley 
Wahlert 
Yanosik 
Yeshiva College 
Ginsburg 
Lowan 
Niagara Univer- 


si 

Banks 
Ogdensburg 

Vaughan 
Oneonta 

Harrison 

Schoonmaker 


erry 

G. W. Walker 
Poughkeepsie 

Cowley 

L. D. Cummings 

Hopper 
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BY-LAWS 
OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 
OFFICERS 


Section 1. The officers of the Society shall be a President, three Vice-Presi- 
dents, a Secretary, three Associate Secretaries, a Treasurer, a Librarian, and 
four Editorial Committees of three members each,—one for the Bulletin, one for 
the Transactions, one for the Colloquium Publications, and one consisting of 
the representatives of the Society on the Board of Editors of the American 
Journal of Mathematics. 

Section 2. It shall be a duty of the President to deliver an address before 
the Society at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange 
of the Society’s publications. 


ARTICLE II 
Boarp OF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five trustees 
elected by the Society, in accordance with Article IV. 

Section 2. The function of the Board of Trustees shall be to receive and 
administer the funds of the Society, to have full legal control of its investments 
and properties, to make contracts and, in general, to conduct all business affairs 
of the Society. 

ARTICLE III 


CounNcIL 


Section 1. The Council shall consist of the officers specified in Article I, of 
ex-secretaries who have served as Secretary for ten years or more, of ex-presi- 
dents for a period of six years after the expiration of their respective presidential 
terms, and of fifteen additional elected members chosen in accordance with Ar- 
ticle IV, Section 2. 

Section 2. Its function shall be to formulate and administer the scientific 
policies of the Society and to act in an advisory capacity to the Board of Trus- 
tees. 

Section 3. At meetings of the Council five members shall constitute a quorum 
for the transaction of business. Between meetings business may be transacted 
by a mail vote. This shall require at least fifteen favorable votes and also that 
the number of these votes be three-quarters of those transmitted to the Secretary 
before the time announced for the closing of the polls. In case three or more 
members of the Council request postponement, at time of voting, action on the 
matter at issue shall be postponed until the next meeting of the Council, unless at 
the discretion of the Secretary the question is made the subject of a second letter 
vote, in connection with which brief statements of reasons, pro and con, are 
circulated to members. 


ARTICLE IV 
ELecTIoN AND TERM OF OFFICE OF OFFICERS AND TRUSTEES 


Section 1. The term of office shall be two years for the trustees, the Presi- 
dent, the Vice-Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years each for the Librarian, the Editorial Committees of the 
Bulletin, the Transactions, and the Colloquium Publications, and the fifteen elected 
members of the Council, five of the latter retiring annually; five years for the 
representatives of the Society on the Board of Editors of the American Journal 
of Mathematics. In every case, however, the trustees and officers shall continue 
until their successors shall have been duly elected and qualified. The President, 
the Vice-Presidents, and the fifteen elected members of the Council shall not 
be eligible for immediate re-election to their respective offices. 

Section 2. Election of trustees, officers, and members of the Council shall be 


66 


| 

} 


By-Laws of the American Mathematical Society 67 


by ballot at the Annual Meeting. An official ballot shall be sent to each member 
by the Secretary at least one month prior to the Annual Meeting, and such ballots, 
if returned to the Secretary in envelopes bearing the names of the voters and 
received prior to the closing of the polls, shall be counted at the Annual Meet- 
ing. Each ballot shall contain a name proposed by the Council for each office 
to be filled, with blank spaces in which the voter may substitute other names. 
A majority of all votes cast, whether in person or by mail, shall be necessary 
for election. In case of failure to secure a majority for any office, the members 
present at the Annual Meeting shall choose by ballot between the two having the 
highest number of votes. 

Section 3. If the President of the Society die or resign, before the expira- 
tion of his term of office, the Council may, with the approval of the trustees, 
designate one of the Vice-Presidents to serve as Acting President until the next 
Annual Meeting, when a President shall be elected by the Society. Such vacan- 
cies as may occur at any time among the other officers may be filled by the 
Council with the approval of the trustees. 

Section 4. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 5. If any elected member of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall 
be filled by the Society at the next Annual Meeting. 


ARTICLE V 
ELECTION OF MEMBERS 


Section 1. Election of members shall be by vote of the Council. 

Section 2. There shall be four classes of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. 

Section 3. A firm, corporation, institution, association or individual inter- 
ested in the support of mathematics may pe elected to sustaining membership. 
A sustaining member shall receive both the Bulletin and the Transactions (see 
Article X), and shall have the privilege of nominating one or more persons for 
election by the Council to ordinary membership in the Society, the number to be 
determined by the Council. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 4. A firm, corporation, institution, or association interested in the 
support of mathematics may be elected to institutional contributing membership. 
A contributing member shall receive the Bulletin or have the privilege, for each 
twenty-five dollars contributed, of nominating one person to ordinary member- 
ship in the Society. Such nominations shall not be acted upon until at least thirty 
days after their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of in- 
stitutional contributing members, application for admission to ordinary member- 
ship shall be made by the applicant, on a blank provided by the Secretary, and 
shall be approved by two members of the Society. Such applications shall not he 
acted upon until at least thirty days after their presentation to the Council (at a 
meeting or by mail), except in the case of members of other societies entering 
under special action of the Council. 

Section 6. An ordinary member may become a contributing member by pay- 
ing the dues for such membership. 


ARTICLE VI 
Dues 


Section 1. Persons elected to ordinary membership in the Society by the 
Council, under the provisions of Article V, Section 5, shall be admitted to mem- 
bership upon the payment, within sixty days of the date of their election, of an 
initiation fee of five dollars. 

Section 2. The annual dues of persons elected by the Council to ordinary 
membership under the provisions of Article V, Section 5, shall be eight dollars, 
with the following exceptions: (1) during the first three years of membership, 
the annual dues shall be six dollars; a person shall be considered to have com- 
pleted his first year of membership on January 1 following his election; (2) 
the amount of dues may be altered by reciprocity agreements with other societies ; 
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(3) the Council may make special rulings in exceptional cases, with the approval 
of the Board of Trustees; four dollars and fifty cents of the dues of each member 
shall be for a year’s subscription to the Bulletin. Each new member shall pay in 
proportion to the unexpired fraction of the year at the time of his election. 

Section 3. The minimum dues for a contributing member shall be fifteen dol- 
lars per year. Members may, upon their own initiative, pay larger dues. 

ection 4. The dues for an institutional contributing member for any year 
shall not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 5. The dues of a sustaining member for any year shall not be less than 
one hundred dollars. A sustaining member who contributes annually at least five 
hundred dollars shall be designated as a Patron of the Society. 

Section 6. Persons elected to ordinary membership as nominees of sustaining 
members or institutional contributing members under the provisions of Article V, 
Sections 3-4, shall not be required to pay an initiation fee. They shall not be 
required to pay dues, so long as it is agreed that they are designated by the 
sustaining member or institutional contributing member under these provisions. 

f a nominee of a sustaining member or an institutional contributing member 
later becomes a dues-paying member, he shall pay dues at the rate of six dollars 
a year for the remainder (if any) of his first three years of membership, and 
eight dollars a year thereafter. 

Section 7. If the annual dues of any member remain unpaid beyond a reason- 
able time, the Board of Trustees shall remove his name from the list of mem- 
bers, after due notice. 

Section 8. Any member not in arrears of dues may become a life member 
on the payment of a sum to be determined in accordance with actuarial principles.* 


ARTICLE VII 
MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the 
fifteenth of December and the fifteenth of January next following. Notice of the 
time and place of this meeting shall be mailed by the Secretary or an Associate 
Secretary to the last known post office address of each member of the Society. 
The times and places of the Annual and other meetings of the Society shall be 
designated by the Council. 

Section 2. The President may call a meeting of the Council whenever the 
affairs of the Society make it desirable; he shall call a meeting of the Coun- 
cil on written request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting 
on the first day of the Annual Meeting of the Society. Special meetings of the 
Board of Trustees may be called by the Chairman of the Board upon three days’ 
notice of such meeting mailed to the last known post office address of each 
trustee. He shall call a meeting upon the receipt of a written request of two 
of the trustees. Meetings for the transaction of business may also be held by 
common consent of all the trustees. 


ARTICLE VIII 
SECTIONS 


Whenever it shall appear to the Council that a sufficient number of mem- 
bers of the Society are desirous of conducting in any locality periodic meetings 
for the reading and discussion of mathematical papers, the Council may authorize 
the formation of a Section to be composed at each sectional meeting of such 
members of the Society as may be present; and the Council shall have the right 
to withdraw such authorization. 

ARTICLE IX 


PROGRAMS 


_ Section 1. Papers intended for presentation at any meeting or sectional meet- 
ing of the Society shall be passed upon in advance by a program committee ap- 
pointed by or under the authority of the Council; and only such papers shall 
be presented as shall have been approved by such committee. Papers in form 


* See tab’e on page &0. 
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unsuitable for publication, if accepted for presentation, shall be referred to on 
the program as preliminary communications or reports. 

Section 2. No matter of general business shall be considered at any meeting 
of the Society except the Annual Meeting without the recommendation of the 
Council. 

ARTICLE X 
PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of 
the American Mathematical Society which shall be sent to each member of the 
Society ; four dollars and fifty cents of the dues paid by each member shall be for 
a year’s subscri + sar to this publication. It shall publish a series of volumes called 
Colloquium Publications, which shall embody in book form new mathematical de- 
velopments. It shall publish a journal, the object of which shall be to make 
known important researches presented at meetings of the Society; this journal 
shall be called the Transactions of the American Mathematical Society. It shall 
also cooperate in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of the Bulletin, Transactions, and Collo- 
quium Publications and the participation of the Society i in the editorial manage- 
ment of the American Journal of Mathematics shall be in charge of committees 
as specified in Article I. 

ARTICLE XI 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society 
on recommendation of the Council and by a two-thirds vote of the members 
present, provided notice of such proposed action and of its general nature shall 
have been given in the call for such meeting. 
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REPORT OF THE TREASURER FOR THE YEAR 1934 
BULLETIN Funp 


Receipts : 
Balance from 1933 (including reprinting fund ($1,267.22) and re- 
serve for List of Members ($400.00)) ..............----eecees $ 4,610.84 
Appropriation irom Dues for current volume..................-.- 6,500.00 
Appropriation from Sustaining Memberships..................... 100.00 
Appropriation from Special Contributions ...............-...ee00- 125.00 
Rockefeller Foundation Subvention 500.00 
Sales, etc.: 
$13,913.77 
Expenditures: 
Printing Bulletin (3 numbers for 1933, 10 numbers for 
Repaid to General Funds for paper for 1934.............. 950.40 
Mailing, clerical, insurance, storage (including % clerk’s 
salary, and $392.49 for work on List of Members)...... 3,192.70 
Clerical work on 10-year index..............ceececcceees 15.25 
Balance (including $1,576.05 reprinting and index fund) $ 2,920.02 
TRANSACTIONS FUND 
Receipts : 
Balance from 1933 (including $365.82 menting fund)..... $ 411.25 
Rockefeller Foundation Subvention (1934)............... 1,500.00 
Appropriation from Sustaining Memberships. .00 
Appropriation from Special Contributions................ 895.64 
Sales, etc.: 
$ 9,854.19 
Expenditures: 
Repaid to General Funds for paper for 1934 .......... 589.14 
Mailing, clerical, insurance, storage (with 4 clerk’s salary) 2,166.31 7,782.97 
Balance (including $459.14 reprinting fund).......... $ 2,071.22 
CoLttoguium Funp 
Receipts: 
Rockefeller Foundation Subvention (1934)................2--.00- 1,000.00 
Sales (not including Bliss, Algebraic Functions)*................. 2,297.26 
$9,812.50 
Expenditures : 


* (Bliss, Algebraic Functions: total receipts $551.80; charge made by Society 
for shipping, $165.00; returned to National Research Council, $386.80.) 
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Shipping, insurance, storage (not including Bliss)......... 772.53 
Circulars and 98. 
Travelling and 110.00 6,112.12 
GENERAL ACTIVITIES 
Balance at end of 1933 (including $1,500.00 Sinking Fund and 
not including advances for paper)................+.-++- $ 2,683.67 
Correction because of increase in Life Membership Reserve 
Advances for paper returned by Bulletin and Transactions 
$ 4,518.72 
Receipts : 
Initiation fees ................ 251.00 
Life Membership adjustment 22.44 
Interest 
from Endowment Fund.. 705.33 
from General Securities. 572.28 
from Bank Interest..... 299.64 
Sustaining Memberships 865.00 14,456.53 
$18,975.25 
Expenditures : 
Committee on Financial Policy....................-+--+ 200.00 
$ 5,812.24 
Bulletin appropriation for 1934.................eeeeeeeee 6,500.00 
Balance (including $1,500.00 Sinking Fund).......... $ 6,263.01 
Lirary Funp 
Receipts : 
$ 440.22 
Expenditures: 
STABILIZATION FunD 
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AMERICAN JOURNAL FuND 


Receipts : 
Rockefeller Foundation Subvention (1934) $1,500.00 
$1,750.00 
SUMMARY 

Life Membership Reserve, 1933 ............ceesecccccccccscsesceses $ 6,588.41 
$23,177.86 

Securities purchased Apral. 15. 5,548.61 13,673.88 
$ 9,503.98 


The amount of reserve necessary to protect the life memberships is now 


$6,247.62. 


As reported -&. of ities: the par value of the securities held by the 
Society is now $98,500 


ENDOWMENT Funp, pons MEMBERSHIPS, SPECIAL CONTRIBUTIONS 
Receipts : 


68.00 

From Spactal ss 1,020.64 
$ 2,976.25 

Expenditures: 

From Sustaining Memberships to General Activities ...... $ 865.00 

From Sustaining Memberships to Bulletin................ 100.00 

From Sustaining Memberships to Transactions............ 400.00 

From Special Contributions to Bulletin................... 125.00 

From Special Contributions to Transactions.............. 895.64 2,385.64 
$ 590.61 


The Endowment Fund has now securities of value $72,568.26 (as amortized 
March, 1934) (including $100 Ettlinger Fund). The interest in 1934 (less charges 
for handling of Fund) was $2,955.33. 


SPecraL Funps 
Bocher Fund: 
Balance from 1933: 


$ 1,905.85 


$ 2,014.27 
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$ 1,814.27 
Cole Fund: 
Balance from 1933: 
$ 2,707.68 


$ 2,852.35 


Moore Fund: 
Balance from 1933: 


$ 3,622.13 

$ 3,787.06 

G. W. Mutttns, 
Treasurer. 


New York, N.Y., December 1, 1934. 


REPORT OF THE AUDITING COMMITTEE, 1934 


We, the undersigned Auditing Committee, appointed by the American Mathe- 
matical Society, have this day audited the accounts of the Treasurer and in our 
opinion the following statement is correct: 


GENERAL Funps 


$57,309.80 
Invested as follows: 
Cash in Corn Exchange Bank, exclusive of outstanding checks...... $ 3,331.61 
Cash in Union Dime Savings Bank. ................scccesceccecsccs 3,616.14 


$23,177.86 
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SPECIAL Funps 
Bécher Fund: 


$ 2,014.27 
$ 1,814.27 
Cole Fund: 


$ 2,852.35 
Moore Fund: 


$ 3,787.06 


The amount of reserve necessary to protect the life membership is now 


$6,247.62 


B. P. Gri 
H. W. Reppick 
J. J. TANzoLa 
Auditing Committee 
New York, N.Y., December 12, 1934. 


REPORT OF THE TREASURER FOR THE YEAR 1935 
Funp 


Receipts : 
Balance from 1934 (including reprinting fund $1,576.05) .......... $ 2,920.02 
Appropriation from Dues for current volume..................... 8,400.00 
Sales, etc.: 
$13,185.69 
Expenditures: 
Printing Bulletin (3 numbers for 1934, 9 numbers for 
Mailing, clerical, insurance, storage, etc..................- 2,488.90 


Balance (including reprinting fund, $1,312.48 and re- 
serve for List of Members, $400).................. $ 3,632.40 


| 
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Report of the Treasurer for 1935 


TRANSACTIONS FunpD 


Receipts : 
Balance from 1934 (including a fund $459.14)............ $ 2,071.22 
Rockefeller Foundation Subvention (1935).............seeceeees 2,000.00 
Appropriation from Institutional Memberships.................... 550.00 
Appropriation from Individual Contributing 453.50 
Appropriation from Special Contributions.......................- 64.50 
Sales, etc. : 
$11,907.60 
Expenditures : 
Printing (6 numbers for 1935)..............ceeeceeeceeee $6,648.48 
Mailing, clerical, insurance, storage, etc................... 2,120.67 8,769.15 
Balance (including reprinting fund, $459.14).................. $ 3,138.45 
CoLLoguium Funp 
Receipts : 
Rockefeller Foundation Subvention (1935)...............---.-+.- 1,000.00 
Sales (not including Bliss, Algebraic Functions)*................. 4,486.19 
$ 9,478.57 
Expenditures: 
Customs and duty, importing Jackson and Lefschetz........ 95.84 
Shipping, insurance, storage, clerical ...................... 912.00 
Circulars and 70.88 
GENERAL ACTIVITIES 
Balance at end of 1934 (including $1,500 Sinking Fund)............. $ 6,263.01 
Correction resulting from change in Life Membership Reserve 
$ 6,603.80 
Receipts : 
Interest 
ftom Endowment 0 963.03 
Other contributions toward defrayment of publication cost 644.88 
Individual Contributing Memberships................... 453.50 
$26,689.58 


* (Bliss, Algebraic Functions: total receipts, $366.11; charge made by Society 
for shipping, $53.00; returned to National Research Council, $313.11.) 
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Expenditures: 
$ 6,452.44 
Bulletin appropriation for 1935.............s0sssssccece 8,400.00 
Balance (including $1,500 Sinking Fund)............ $11,337.14 
Lrprary Funp 
Receipts : 
$ 564.00 
Expenditures: 
STABILIZATION Funp 
Receipts : 
$ 5,884.82 
Expenditures : 
AMERICAN JouRNAL FuNnD 
Receipts : 
Rockefeller Foundation Subvention (1935)..............0-2e2000- $ 1,500.00 
$ 1,900.00 
Expenditures : 
Sulwention to Amwretan Jounal. 1,900.00 
Life Membership Reserve, 1934 $ 6.247.62 
$31,451.75 
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$6,098.80 amount of reserve necessary to protect the life memberships is now 

"As reported by Mr. Roosevelt, the par value of the securities held by the 
Society is now $98,500. There are now securities of par value $24,000 which 
are defaulting interest payments. 


ENDOWMENT Funp, SUSTAINING MEMBERSHIPS, SPECIAL CONTRIBUTIONS 


Receipts : 
Cash balance, 1934 (Endowment Fund)..................22eee000: $ 590.61 
Pledges and gifts to Endowment Fund..................--22002005 25.00 
Contributions for publication expense...............2+22e20eeeee: 644.88 
Individual Contributing 907.00 
$ 7,970.99 
Expenditures : 
From Institutional Memberships to General Activities... .$5,055.00 
From Institutional Memberships to Transactions......... 550.00 
From contributions for publication expense to General 

From Special Contributions to General Activities......... 34.00 

From Special Contributions to Transactions.............. 64.50 

From Special Contributions to Colloquium............... 100.00 

From Contributing Memberships to Transactions......... 453.50 
From Contributing Memberships to General Activities... 453.50 7,355.38 


The Endowment Fund has now securities of value $72,568.26 (as amortized 
March, 1934) (including $100 Ettlinger Fund). The interest in 1935 (less charges 
for handling of Fund) was $2,863.03. 


SPECIAL Funps 
Bocher Fund: 
Balance from 1934: 


$ 1,814.27 
$ 1,892.40 
Cole Fund: 
Balance from 1934: 
$ 2,852.35 


$ 2,971.63 
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Moore Fund: 
Balance from 1934 

f 4 $ 3,787.06 

$3,918.83 

G. W. Mv tutns, 
Treasurer. 


New York, N.Y., December 2, 1935. 


REPORT OF THE AUDITING COMMITTEE, 1935 


We, the undersigned Auditing Committee, appointed by the American Mathe- 
matical Society, have this day audited the accounts of the Treasurer and in our 
opinion the following statement is correct: 


GENERAL FuNps 


$66,957.88 
Invested as follows: 
Cash in Corn Exchange Bank, exclusive of outstanding checks....... $ 6,724.15 
Cash in Providence Bank for Savings........ 5,032.29 
$31,451.75 


Bécher Fund: 


$ 1,892.40 
Cole Fund: 


$ 2,971.63 
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TABLE OF LIFE MEMBERSHIP FEES 
may be obtained from the Treasurer.) 


Age Fee 
$94.36 
70.71 
37.44 


PUBLICATIONS 


ematical Society. 
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icago Congress, 1893. 
, 1893, by Felix Klein. 


Colloquium Series 
jum, by H. S. White, F. S. Woods, and E. B. Van 


Second edition: 1931. 
Potential. Discontinuous Dirichlet and Neumann 


1927. 
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Moore Fund: 


Balance from 1934. ... 


The amount of reserve necessary to protec 


$6,098.80. 


New York, N.Y., December 12, 1935. 
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being derived from another source. The most convenient way 
is by a torque amplifier [16], which is a device whereby one 
shaft moves another precisely in step, but with much larger 
torque delivered than supplied. This works on the same principle 
as the capstan or windlass, and depends upon wrapped bands. 
The input shaft pulls one end of the band, and the band rubs 
on a continuously revolving drum and pulls the output shaft 
along. Two drums provide for both directions of rotation. Units 
are in continuous operation giving multiplying factors as high as 
10,000. 

After simple integration the next important operation is the 
integration of a function multiplied by a standard kernel. The 
most prevalent form of device for performing such an operation 
is the harmonic analyser, for evaluating the integral of the 
product of a function by a sinusoid. Great ingenuity has been 
shown in devising such instruments, and scores have been in- 
vented. It is not much exaggerated to state that as many forms 
have been invented as there areqctual instruments in present 
use. Perhaps this is not undesirable, for it is certainly much 
more pleasant to invent a device of this nature than it is to 
operate the finished product. The writer pleads guilty to having 
invented several, none of which are in use. Most harmonic 
analysers are mechanical combinations of variable speed drives 
used as integrators, with link motions or cams for introducing 
the sinusoidal factor. Such, for example, is the Chubb machine 
[17]. The most convenient and precise is the Henrici-Coradi 
[18], which introduces its sinusoidal components by means of 
rollers operating on the surface of glass spheres. There are, how- 
ever, optical devices, those depending on spring deflections, 
devices for displacing fluids, and many others. An harmonic 
analyser, when inverted, becomes a synthesizer. Such are, for 
example, the tide predicting machines, of which the first was 
Kelvin’s [19]. 

Of greater mathematical scope, however, is a device for ob- 
taining instantaneously the integral of the product of two given 
functions. Suggested by Wiener, it has been developed over 
several years by Gould, Gray, and Hazen [20]. The functions 
are represented by optical masks placed in parallel planes. The 
light from a linear light source which passes through both masks 
is summed by a photo-cell, and gives the measure of the integral 
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of the product. If one of the masks is now shifted in the direction 
of abscissas, the effect is to shift the origin of one of the func- 
tions. The value of the light received plotted against the shift 
thus evaluates an integral with a cyclic kernel as a function of 
the parameter under the sign of integration. Work is now under 
way which aims, in effect, at deforming one of the masks in 
predetermined fashion, thus evaluating an integral with a gen- 
eral kernel. Such an instrument, which has been called a cinema 
integraph, is immediately applicable for the evaluation of Fou- 
rier transforms, for correlation analysis, and many other pur- 
poses. 

There is a very fundamental difference between this last in- 
strument and the usual integrator, a difference of profound 
mathematical importance. Evaluating an integral of a product 
of functions is one thing, but examining the variation of the 
integral when one of the functions is deformed or shifted is quite 
another. There are many devices for performing operations. 
The most interesting effects occur, however, when these are 
combined. 

The more important class of instruments is therefore the 
second, the equation solvers. There are three principal types. In 
the first, simple analogy is used. To solve the equations controll- 
ing the performance of a given system, a second system is set 
up which obeys the same laws, and its performance is measured. 
The benefit of the substitution is merely one of convenience and 
precision in measurement. Thus, it is relatively easy to measure 
the flow of a fluid and hard to measure the flow of heat. Hence, 
if one wishes to examine the transient flow of heat in a complex 
device, where analysis is out of the question, such, for example, 
as a complicated system of hot pipes imbedded in an insulator, 
one may construct an analogous system where the flow of heat 
is replaced by the flow of a viscous fluid and measure that. All 
that is necessary is to provide an apparatus representing the 
cross section of the system by two plates close together with 
holes representing the pipes, and supply fluid to each of these 
holes at pressures proportional to the corresponding pipe tem- 
perature. Inserting dye at spaced points will give the flow lines, 
as was done by Hele-Shaw and his collaborators [21]. Collect- 
ing and measuring the fluid gives the total heat flow directly. 

A variation of this scheme is to employ a system of the same 
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general type, but on a different and usually reduced scale. The 
dimensions and parameters are so chosen that the original equa- 
tions still hold, with modification only by multiplication of va- 
riables by constants. The systems are, in other words, arranged 
to be dynamically similar. This is the scheme of the wind tunnel 
[22]. A small airplane, or a small ship, is tested and the results 
then interpreted to apply to the full-sized device. In each case 
the velocity through the fluid is usually reduced, as well as the 
dimensions. There is a complication in this process. The resist- 
ance to the passage of a solid through a fluid is of at least two 
sorts, and they obey different laws. Thus a ship has wave resist- 
ance and skin resistance [23]. The same scheme of scaling 
down will not apply to both. Hence it is necessary to render one 
negligible or measure it separately, and great difficulty in at- 
taining high precision ensues, which is the reason that the use 
of towing tanks and wind tunnels causes so many arguments, 
and the reason why large ones are preferred. 

In the second type of equation-solver, the constants of the 
system being studied are independently represented, and this 
leads to flexibility. An electrical example of this second type of 
instrument for the solution of equations_is given by the Net- 
work Analyser [24]. It is primarily intended for the examination 
of complex electrical power networks, and it hence solves cer- 
tain restricted classes of simultaneous algebraic equations with 
complex coefficients. It consists merely of a set of condensers, 
coils, and resistances which may be connected together by plugs. 
There is thus produced an exact small-scale electrical replica 
of the system being studied; a miniature network having the 
same electrical proportions as the actual system. To this are 
applied, at various points, voltages proportional to those applied 
to the actual network, and in the same phase relations. The 
voltages, and hence the currents, are scaled down, and hence the 
model may be physically small. Measurements made with or- 
dinary instruments yield the performance of the full-size system 
under interesting operating or emergency conditions. A power 
system covering several states is thus compacted into a single 
room for detailed examination. This type of instrument forms 
an intermediate step between the simple model and the com- 
pletely flexible equation-solver, for the Network Analyser may 
be reconnected to represent any desired power system within its 
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limits, and thus one instrument serves for the solution of prob- 
lems concerning many. power networks. 

The third type of equation-solver is, however, the one with 
which we are now most concerned. Like the others, it provides a 
new system, which obeys the same laws as the one under in- 

> vestigation, and which may be readily and precisely measured, 
but it does so in a different way. Instead of carrying over an 
entire equation from a system to its substitute, or even the con- 
stants of the equation as in the Network Analyser, the terms 
of the equation are carried over individually as such and then 
recombined. This gives great flexibility, for, since the mode of 
combination is under control, many diverse systems may be 
studied by a single substitute instrument. As soon as elements 
are available for performing the operations indicated in an equa- 
tion, whatever they may be, one thing only is necessary to make 
an instrument for solving the equation. That is to close the train 
of operations, or “back-couple” the device. If the equation 
admits of a discrete solution, this process fixes the parts in posi- 
tion. If the solution is a relation between variables, the device is 
constrained to move only in accordance with that relationship. 

The instrument for solving simultaneous linear algebraic 
equations gives an example. Wilbur has produced a mechanical 
device for this purpose, modifying a suggestion which originated, 
as did so many ingenious ideas, with Kelvin [25]. Unknowns 
are represented by the angles of platens. The positions of a set 
of pulleys represent the coefficients. Steel bands running over 
these pulleys have an effective lengthening or shortening rep- 
resenting the terms of the equations, each band corresponding 
to one equation. Each band passes over a pulley on each platen, 
thus summing the terms of the corresponding equation. On 
setting the ends of the bands on indices representing the con- 
stant terms, the entire device is fixed in position, and the angles 
may be read and hence the unknowns determined. The device 
is entirely geometrical, and no elastic deformation of parts is 
employed. Before the last band is anchored to its index, all 
platens are free to move. Fixing this last band completes the 
set-up and locks every element in position, provided the equa- 
tions are determinate. 

Mallock has built an electrical device for this same purpose 
[26]. The variables are represented by alternating currents in 
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closed circuits, which are coupled together by transformers with 
adjustable numbers of turns, made proportional to the coeffi- 
cients, there being as many coils on the transformer as there are 
variables, plus one to represent the constant terms. Since the 
total ampere-turns on a transformer must be zero, except for a 
small excitation, the equity is thus forced. Mallock has a very 
ingenious way of supplying the excitation separately, to avoid 
error. 

Higher order algebraic equations may be handled in various 
ways, but so far not precisely [27]. The use of the displacement 
of solids dipped into liquids, as exemplified by a proposal by 
Meslin, gives one method of attack. 

The third type of equation-solver is best exemplified by the 
differential analyser [15], which is an instrument for solving 
ordinary differential equations. It consists essentially of a set 
of integrators and means for interconnecting them. Kelvin 
made the suggestion of this procedure [28], but much develop- 
ment was necessary to reduce the idea to practice. There is no 
limit to the complexity of the equations which may be treated 
except the number of units available. Several differential-analys- 
ers have now been built, and are being used on a large number 
of problems. Detailed descriptions are available, so only a few 
points will be mentioned. 

The manner of “back-coupling” the device is of especial in- 
terest. A single integrator is merely an instrument for perform- 
ing the operation of integration. If its disc be turned at constant 
speed, having at any time an angle x, and if its displacement be 
varied in accordance with a variable y, its output will yield the 
value of fy dx. Suppose now, however, that its output be 
connected to the y shaft. This is back-coupling. It forces y at all 
instants to be equal to the output of fy dx. The machine is 
now constrained, and can move only in one definite way, 
namely, in accordance with the equation y = fy dx or dy/dx=y. 

It thus yields the exponential solution of this equation, if 
simultaneous readings be taken of the positions of the x and y 
shafts. This is the simplest ‘possible sort of back-coupling. Ac- 
tually, in interesting problems, several integrators are inter- 
connected, together with differential gears for adding, and out- 
put tables for introducing variable coefficients, before the final 
connection is made which fixes the performance of the machine. 
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The way in which an equation is placed upon the machine 
may be traced. It is first solved formally for the highest order 
derivative, and integrated once formally, to yield the derivative 
of next lower order. A shaft is assigned to this, and one to the 
independent variable. An integrator may now be connected to 
yield the derivative of next lower order, and so on until the de- 
pendent variable is reached. As we proceed in this manner, 
every term in the equation becomes represented by the revolu- 
tions of a shaft. These shafts are then interconnected through 
differential gears so that their revolutions sum to zero. This 
closes the equation, and in effect provides for the drive of the 
shaft assigned to the next to highest order derivative. When the 
independent variable shaft is now turned, every other shaft is 
driven, and the machine is constrained to move in accordance 
with the equation. The initial conditions are introduced by 
setting the starting portions of the integrators. 

Two terms may be multiplied by a separate mechanism, or 
better by summing their cross integrals. The square of a variable 
may be obtained by integrating it against itself. Functional co- 
efficients may be introduced manually as the solution proceeds; 
but it is more convenient, and also more accurate, to generate 
them wherever possible. Any coefficient which can be obtained 
as the solution of an ordinary differential equation may be thus 
generated, by assigning a portion of the machine to this duty. 
When thus treated an ordinary differential equation with vari- 
able coefficients becomes a more complicated set of equations, 
but with constant coefficients. ; 

Manual introduction of functions has however one interesting 
consequence. The procedure is as follows: An index lies on a 
plotted curve. It is driven in the direction of abscissas by any 
desired variable by coupling to the machine at the proper point. 
It is cranked in the direction of ordinates by hand so as to re- 
main on the curve. The crank also turns the shaft in the machine 
which represents the function. But this makes possible another 
procedure. The curve being followed may be the actual record 
being traced by the machine as a solution, the abscissal motion 
of the index being controlled by a separate variable, a fraction 
of the variable of abscissas of the curve, or some other. A wide 
range of functional equations may thus be handled. 

It is interesting to speculate on the effect of coupling the 
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cinema integraph to the differential analyser. One of the terms 
of the equation being solved may then involve a variable param- 
eter under the sign of integration, and the other terms may be 
those of an ordinary or functional differential equation. 

This does not, of course, treat the type of integral equation 
which is equivalent to a partial differential equation plus a set 
of boundary conditions. The cinema integraph is adapted to do 
this by successive approximations, but not directly. The differ- 
ential analyser also has possibilities in this regard, for it can 
handle the equations of the characteristics and thus make the 
solution indirectly. The direct approach would require the con- 
tinuous deformation of one of the masks in such manner as to 
cause equality of the output to a specified combination. This 
has not yet been attempted. 

This brings us to the final section of this paper. What may be 
the mutual influence in the future between machines of the sort 
considered and formal mathematics? 

The machine will not, of course, “yield a formal Pe it will 
give only approximate solutions. But its limitations are not at 
all those usually attending formal solutions. The machine does 
not care how complex the expression for a coefficient may be, so 
long as it may be plotted. Discontinuities bother it not at all. 
Bizarre combinations, such as a function of a derivative appear- 
ing as a coefficient, are exactly as readily provided for as is the 
usual case. 

There is no use thus solving an equation unless its solution 
means something concerning a physical system or unless it sug- 
gests the form of a formal solution. In the past we have treated 
physical problems by means of equations that, allegedly at 
least, could be solved formally, and the equations have been 
rather simple in their make-up. Is this because nature prefers 
the sort of equation that we can handle formally? Or has there 
been a sifting process whereby the simple equations only have 
survived? 

The equations that come to the differential analyser are “rea- 
sonable” equations, in that they admit of solution in a reason- 
able time of operation of the machine; whereas it is readily pos- 
sible to construct arbitrarily equations which are most unrea- 
sonable in this respect. Why is nature so reasonable, or is the 
reasonableness ours? 
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Is there any real use or meaning to some of the bizarre equa- 
tions that can be solved? Certainly the functional equation 
crops up, although it is sparingly used in physical problems. 

Entirely aside from this speculation, there is one influence 
which is undoubtedly coming, if equation-solvers become as 
fully developed and as rapid, reliable, and versatile as the arith- 
metical machines of commerce. Formal attention will be less 
directed to the mere solution of equations, in order that they 
may thus be rendered useful; and will hence be more directed 
to their formulation and interpretation. 

It is to be hoped, as well, that formal attention will be di- 
rected to the machines themselves. There are many fascinating 
problems involved, many of them much too mathematical for 
those who are engaged in the detailed machine developments. 
An important query is the question of what sort of machines are 
really worth developing. This involves the mathematician fully 
as much as the user of the results. 

My mathematical friends exclaim over the ingenuity of the 
formalist in inventing new methods of construction for use in 
existence proofs. Perhaps photo-cells might be of service. 

We are in an age of complex instruments. Out of it will come 
devices that will revolutionize the use of mathematics, and will 
profoundly influence some branches of mathematics itself. This 
process is now beginning, and it is probable that the next decade 
will see important advances. 


BIBLIOGRAPHY 


1. D.E. Smith, editor, Source Book in Mathematics, Pascal—on his calcu- 
lating machine, 1929, pp. 165-172. 

Maurice d’Ocagne, Le Calcul Simplifiée par les Procédés Méchaniques et 
Graphiques. Histoire et Description Sommaire des Instruments et Machines a 
Calculer, Tables, Abaques et Nomogrammes. 2d edition, 1905, pp. 25-33. 

D. Baxandall, compiler, Catalog of collections in the London Science 
Museum. H.M.S.O., 1926. Mathematics, 1. Calculating machines and instru- 
ments, pp. 12-13. 

Encyclopedia Britannica, Calculating machines, 11th edition, 1929, 
vol. 4, pp. 548-553. 

2. d’Ocagne, loc. cit., pp. 40-41. 

Smith, loc. cit., Leibnitz—on his calculating machine, pp. 173-181. 

Baxandall, loc. cit., p. 17. 

Encyclopedia Britannica, loc. cit., Calculating machines. 

3. L. Jacob, Le Calcul Méchanique, 1911, pp. 19-23, 84-95. 
d’Ocagne, loc. cit., pp. 71-77. 


1936.] INSTRUMENTAL ANALYSIS 667 


4. E. M. Horsburgh, editor, Napier Tercentenary Celebration. Handbook 
of the Exhibition of Napier relics and of books, instruments and devices for 
facilitating calculation. Royal Society of Edinburgh, 1914, pp. 27, 124-127. 

H. P. Babbage, (Charles) Babbage’s Calculating Engines, 1889. 
Baxandall, loc. cit., pp. 30-34. 

5. Herman Hollerith, An electric tabulating system, Columbia School of 

Mines Quarterly, April, 1889, pp. 238-255. 
G. W. Baehne, editor, Practical A pplications of the Punched Card Method 
in Colleges and Universities. Columbia University Press, 1935. 
6. Baxandall, loc. cit., pp. 34-36. 
Horsburgh, loc. cit., p. 27. 
Jacob, loc. cit., pp. 115-117. 

7. Smith, loc, cit., pp. 156-164. 

Mehmke, R., Numerische Rechnen, Encycklopidie der Mathematischen 
Wissenschaften, vol. 1, part 2, pp. 1052-1066. 

d’Ocagne, loc. cit., pp. 111-119. 

Horsburgh, loc. cit., pp. 155-180. 

Baxandall, loc. cit., pp. 36-58. 

Encyclopedia Britannica, loc. cit., Calculating machines, pp. 552-553. 

8. G. R. Harrison, Mechanical aid to¢he analysis of complex spectra, Re- 
view of Scientific Instruments, vol. 3 (1932), pp. 753-759; Improved design of the 
mechanical interval sorter and its application to analysis of complex spectra, ibid., 
vol. 4 (1933), pp. 581-586; Automatic measurement, reduction and recording of 
wave lengths from spectrograms, Journal of the Optical Society of America, 
vol. 25 (1935), pp. 169-178. 

9. A. A. Michelson and S. W. Stratton, A new harmonic analyzer, Ameri- 
can Journal of Science, (4), vol. 5 (1898), pp. 1-13, and Philosophical Magazine, 
(5), vol. 45 (1898), pp. 85-91. 

F. S. Dellenbaugh, Jr., Harmonic analysis, Massachusetts Institute of 
Technology, Electrical Engineering Department Thesis, 1921. 
Baxandall, loc. cit., p. 74. 
10. H. S. Hele-Shaw, Theory of continuous calculating machines, Philo- 
sophical Transactions, vol. 176 (1886), pp. 367-402. 
A. Galle, Mathematische Instrumente, 1912; see Differentialapparate, 
pp. 59-62. 
Joseph Lipka, Graphical and Mechanical Computation, 1918, pp. 255- 
256. 
Armin Elmendorf, A differentiator, Scientific American Supplement 
No. 2093, Feb. 12, 1916, pp. 100-101. 
11. F. W. Sears, A contrast microphotometer, Journal of the Optical So- 
ciety of America, vol. 25 (1935), pp. 162-164. 
12. F. W. Hill, The hatchet planimeter, Philosophical Magazine, vol. 38 
(1894), pp. 265-269. 
Horsburgh, loc. cit., pp. 197-199. 
Baxandall, loc. cit., p. 68. 
13. James Clerk Maxwell, Description of a new form of the platometer, an 
instrument for measuring the areas of plane figures drawn on paper, Royal Scott- 


668 ‘VANNEVAR BUSH [October, 


ish Society of Arts, vol. 4 (1885), part 4; and Scientific Papers, 1890, vol. 1, 
pp. 230-237. 

James Thomson, On an integrating machine having a new kinematic prin- 
ciple, Proceedings of the Royal Society of London, vol. 24 (1876), pp. 262-265. 

Sir William Thomson (Lord Kelvin) and Peter Guthrie Tait, Treatise 
on Natural Philosophy, Cambridge University Press, 1903, vol. 1, pp. 488-492. 

14. H. C. Ford, Mechanical movement, U.S. Patent 1,317,915, Oct. 7, 1919. 

15. Vannevar Bush, The differential analyzer. A new machine for solving 
differential equations, Journal of the Franklin Institute, vol. 212 (1931), pp. 
447-448; Massachusetts Institute of Technology, Electrical Engineering 
Department Contributions, No. 75, Oct., 1931. 

16. C. W. Nieman, Bethlehem torque amplifier, American Machine, vol. 66 
(1927), pp. 895-897; Backlash eliminator. Mechanical device that is vital to the 
functioning of the Bethlehem torque amplifier, American Machine, vol. 66 (1927), 
pp. 921-924. 

17. L. W. Chubb, The analysis of periodic waves, Electrical Journal, vol. 11 
(1914), pp. 91-96. 

Dellenbaugh, loc. cit. 

18. O. Henrici, On a new harmonic analyzer, Philosophical Magazine, (5), 
vol. 38 (1894), pp. 110-121. 

Horsburgh, loc. cit., pp. 223-226. 

Walther Dyck, Katalog mathematischer und mathematisch-physika- 
lischer Modelle, Apparate und Instrumente, Miinchen, 1893, pp. 261-263. 

Galle, loc. cit., pp. 140-143. 

Baxandall, loc. cit., pp. 71-72. 

19. Sir William Thomson (Lord Kelvin), The tide gauge, tidal harmonic 
analyzer, and tide predicter. Institute of Civil Engineers, Proceedings, vol. 45 
(1881), pp. 2-25; Tide predicter, pp. 15-25. 

Thomson and Tait, loc. cit., Tide predicting machine, pp. 479-482. 

Horsburgh, loc. cit., pp. 249-252. 

Baxandall, loc. cit., pp. 72-73. 

U. S. Coast and Geodetic Survey, Description of the U. S. Coast and 
Geodetic Survey tide-predicting machine, Special Publication, No. 32, 1915. 

20. K. E. Gould, Integration of a functional product by measurement of infra- 
red radiation, Massachusetts Institute of Technology, Electrical Engineering 
Department Thesis, 1927; A new machine for integrating a functional product, 
Journal of Mathematics and Physics, vol. 7 (1927-28), pp. 305-316. 

T.S. Gray, A photoelectric integraph and its application to mathematical 
analysis, Massachusetts Institute of Technology, Electrical Engineering De- 
partment Thesis, 1930; A photoelectric integraph, Journal Franklin Institute, 
vol. 212 (1931), pp. 77-102. 2 

21. H. S. Hele-Shaw and Alfred Hay, Hydrodynamical method of attacking 
two-dimensional magnetic problems, Institute of Electrical Engineers, Journal, 
vol. 34 (1904-1905), pp. 21-53; Lines of induction in a magnetic field, Philo- 
sophical Transactions, vol. 195 (1901), pp. 303-327. 

22. W. F. Durand, Editor-in-Chief, Aerodynamic Theory, 1935; Division G, 
pp. 34-207, Prandtl, Mechanics of Viscous Fluids; Division H, pp. 209-51, 


1936.] INSTRUMENTAL ANALYSIS 669 


G. I. Taylor and J. W. MacColl, Mechanics of Compressible Fluids; Division I, 
pp. 252-352, A. Toussaint and E. Jacobs, Experimental Methods. 

23. D. W. Taylor, The Speed and Power of Ships, Revised, 1933. 

G. S. Baker, Ship Form, Resistance and Screw Propulsion, 1920; Nu- 
merous papers in the Transactions of the Institute of Naval Architects, 1934. 

H. E. Saunders, The Prediction of Speed and Power of Ships by Methods 
in Use at the United States Experimental Model Basin in Washington, Navy 
Dept. C. and R. Bulletin, No. 7, Washington, 1933. 

For work on small scale models see Y. Hirago, Experimental investiga- 
tions on the frictional resistance of planks and ship models—Society of Naval 
Architects, Japan, Nov. 11, 1934; and K. S. M. Davidson, An experimental 
towing tank for small models, Paper presented before the American Society of 
Mechanical Engineers, Dec. 5, 1935. 

24. H.L. Hazen, O. R. Schurig, and M. F. Gardner, Massachusetts Institute 
of Technology network analyzer, American Institute of Electrical Engineers, 
Transactions, vol. 49 (1930), pp. 1102-1113; Massachusetts Institute of Tech- 
nology, Electrical Engineering Department Contributions, No. 66, 1930. 

Traver and Parker, An alternating current calculating board, Electrical 
Journal, vol. 27 (1930), pp. 266-270. 

25. J. B. Wilbur, Solving simultaneous equations mechanically, Technical 
Engineering News, Massachusetts Institute@f Technology, vol. 16 (1935), pp. 
48-49, 56, 60. 

Sir William Thomson (Lord Kelvin), Machine for solution of simultane- 
ous linear equations, Royal Society Proceedings, vol. 28 (1878). 

Thomson and Tait, loc. cit., vol. 1. pp. 482-487 (Appendix B). 

26. R. R. M. Mallock, An electrical calculating machine, Royal Society 
Proceedings, vol. 140 (1933), p. 457. 

27. Horsburgh, loc. cit., pp. 259-267, Instrumental solution of numerical 
equations, by D. Gibb. 

Baxandall, loc. cit., pp. 58-61. 

P. A. Borden, A pplication of the electric balance to the continuous solution 
of mathematical formulae, Instruments, vol. 2 (1929), pp. 425-432. 

28. Sir William Thomson (Lord Kelvin), An instrument for calculating the 
integral of the product of two given functions, Royal Society Proceedings, vol. 24 
(1876), pp. 266-268; Mechanical integration of linear differential equations of 
the second order with variable coefficients, ibid., vol. 24 (1876), pp. 269-271; 
Mechanical integration of the general linear differential equation of any order with 
variable coefficients, ibid., vol. 24 (1876), pp. 271-275. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY 


A. T. CRAIG 


A CERTAIN MEAN-VALUE PROBLEM IN 
STATISTICS* 


BY A. T. CRAIG 


1. Introduction. It is the purpose of this paper to investigate, 
by means of the characteristic function, the arithmetic mean 
value, or mathematical expectation, of the sum of the squares 
of m normally and independently distributed variables when 
those variables are subject to m<xn linear restrictions. For 
example, if x;,%2,-- - ,x, are m independent values of a variable 
x which is normally distributed with mean zero and variance 
o*, then the expected value of tbe x? is no*. However, the 
expected value of (x,— 2)?, where ni =)" x;, is (n—1)o?. It 
is fairly obvious that the latter example could be stated: if 
the x’s are subject to the linear restriction ph x;=0, the ex- 
pected value of 22 x? is (n—1)o*. The numbers n and n—1, 
which are equal respectively to the ranks of the matrices of the 
two quadratic forms, are frequently called the number of de- 
grees of freedom of those quadratic forms. 

Let x be subject to the normal law of error 


1 2 2 
f(x) = 


and let x1, X2,---, Xa, be m independent values of x. Write 


n 


n 
1 1 1 

in which the a’s are real numbers. We wish to find the mathe- 
matical expectation of v when 11, U2, - - - , Ym are assigned values 
which make the system consistent. It is well known that the 
variables “1, U2,---, um are normally correlated with vari- 
ances and covariances given by 


2. The Characteristic Function. The characteristic function 
of the joint distribution of v, “1, - - - , Um is 


* Presented to the Society, April 11, 1936. 
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1 n/2 
= ( ) fio an, 


where 


n n 1 n 
1 1 20? 1 


and i=¥/(—1). Throughout this paper we shall understand that 
the limits of integration are — 2% and © unless otherwise speci- 
fied. If we write 


bu = aii, bee = Dd hy bam = > ens, 


and 


then 


[1 — 


o(t, tm+1) 


From this latter result, it is fairly obvious that the problem has 
no solution unless Q is a positive definite quadratic form of 
rank m. Upon writing tn.:=0, we find the characteristic func- 
tion of the joint distribution of the m linear forms to be 


tm, 0) = 


Moreover, if is the simultaneous distribu- 
tion function of these linear forms, then 


1\” 
y = (-) f f dt,, 
2r 


L = -- +4tntn. 


where 


Since Q is positive definite of rank m, the Cayley-Hamilton 
equation of the matrix B=||b;:|| of Q has m real positive roots, 
say Ai, Ae, ~~~, Am- Moreover, there exists a real orthogonal 
matrix C=||c;,|| such that 


Q= 
| 
| 


A. T. CRAIG 


0 O---O0 
= || - 


If then, in the latter integral, we introduce new variables 
21, °° , 2m by subjecting the to a linear homogeneous trans- 
formation with matrix C, we get 


(Ay 220?) ™/? 
where (p=1,2,---,m). 
3. The Mathematical Expectation of v. Let F= F(uy, - - - , Um, ?) 
be the simultaneous distribution function of v and the m 
linear forms. Also, let 4 be the expected value of v for u;, - - - , tm 


assigned. Thus 
oF 
| —d, 


in which the limits of integration on v are here and elsewhere 
taken to cover all admissible values of that variable when 
U1,° °° , Um are regarded as assigned. Now 


=O 

F 


and 


Ob m+1 


— 
| 

- 
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0g 
(—) foo fe dtm--- dt. 
2r Ot m+1 tm+1=0 
But 
0 
= i(no? — 
tm+1=0 

Accordingly, 


iy = (-) f — - - dty, 


and 


1/S? Sat 


We now see that if each linear form is set equal to zero, the ex- 
pected value of v is i=(n—m)o?. Thus, when u,=u2= --- =Um 
=0, we may say that we lose one degree of freedom for each 
linear restriction in estimating o? from v. 


4. Independent Linear Restrictions. Of particular interest is 
the case in which the variables u; are not correlated. A neces- 
sary and sufficient condition for the independence of the vari- 
ables u; is that 


o(f1, 0,--- , 0, 0)-p(0, te, 0,--- ,0)--- G(0,--- , 0, tm, 0) 
= o(41,--- bm; 0); 


that is, when 5;,#0, 7=k, and b;,=0, 7k. Under these condi- 
tions, Y becomes 


1 
(by 


and 


_ 
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bu 


Again we observe that the expected value of v is (n—m)o? 
when each of the m linear forms is equated to zero. However, 
if s of the m linear forms are equated to their respective stand- 
ard derivations while the remaining m—s are equated to zero, 
then 4=("—m-+s)o*. Finally we see that the expected value of 
v, for a fixed set of u’s, is not in general an integral multiple of 


o*. 


THE UNIVERSITY OF Iowa 


ON THE PRESERVATION OF ANGLES AT A 
BOUNDARY POINT IN CONFORMAL 
MAPPINGt 


BY S. E. WARSCHAWSKI 
The object of this note is to prove the following theorem. 


THEOREM. Let R be a simply connected “schlicht” region in the 
w-plane whose boundary contains the point w=0. Let w=0 be 
“accessible” along the Jordan curve L. Suppose that there is a 
circle |\w | <p such that the part of the boundary of R which is in- 
side this circle lies within the angles 
(1) w — S ha, largw—h_| Sk, (h_- hy). 
Suppose, furthermore, that L connects w=0 with a boundary point 
outside |\w | =p such that L divides R into two sub-regions. Let all 
boundary points of one sub-region which are in \w | <p, and not on 
L, be in one of the angles (1), and those of the other sub-region 
which are in |w | <p, and not on L, be in the other. 

Let w=w(z) map lz—1 | <1 conformally on R in such a man- 
ner that its inverse function approaches 0 as w—0 along L. Let 


no = 


t Presented to Society, October 26, 1935. 
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Then 
(3) K(argz) S arg w(z) — A(argz) S K(argz) 
where e—0 as z—0 in any fixed angle Ag: larg z | s90<27/2. 


Before proving this theorem we make the following remarks. 

1. -If the hypothesis of this theorem is satisfied for k, =k_=k, 
where & is any arbitrary positive number, provided p is small 
enough, then we say that the boundary of R has a corner of 
measure B =h,—h_ at w=0. In this case (3) means that 


exists as z—0 in any fixed angle Ag. 

If 8 =7, we shall say that the boundary of R has a tangent at 
w=0. 
2. Our theorem generalizes the well known result of C. 
Carathéodoryt and E. Lindeléf,f namely, that the conformal 
representation of the interior of a Jordan curve on a circle is 
“quasiconform” at a boundary point with a corner of measure 
8>0, that is, the angles at this boundary point are transformed 
proportionally. This result has been extended recently by J. 
Wolff§ for 8 =z for the case where the boundary is not neces- 
sarily a Jordan curve. In 1918 W. Gross|| obtained a theorem 
which infers the result of our theorem from a less general hy- 
pothesis. A theorem analogous to ours for the case where the 


¢ C. Carathéodory, Schwarz-Festschrift, pp. 40-41. See also Conformal 
Representation, Cambridge Tracts in Mathematics and Mathematical Physics, 
No. 28, pp. 91-93. 

t E. Lindeléf, Compte Rendu du quatriéme congrés des mathématiciens 
Scandinaves, Stockholm, 1916, p. 87. 

§ J. Wolff, Comptes Rendus, vol. 200 (1935), pp. 42-43. 

|| W. Gross, Mathematische Zeitschrift, vol. 2 (1918), p. 278. 

{ His hypothesis can be stated as follows (see loc. cit., pp. 276-277): Let 
R, the point O(w=0) and L have the same meaning as in our theorem. Draw 
a circle c, with center O and radius 1 /n, where m 2 no is so large that c, intersects 
the curve L. Follow L from O up to the first point of intersection P, with cp. 
Let y, denote the longest open arc of c, within R containing P,. Every “cut” 
Yn, (n=, mo+1,--- ), divides R into two regions. Call B, that one which 
contains the part of L from O to P,. Let I’, be the part of the boundary of B, 
which B, has in common with R. According to Carathéodory’s “Primenden” 
theory the accessible boundary points of R can be arranged in a “cyclic order” 


| 
w(z) 

m arg pr 
| 
| 
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boundary of R in the neighborhood of O is a Jordan curve has 
been given recently by A. Ostrowski. Ali results mentioned 
above are contained as special cases in the theorem given in this 
note. 

For the proof of our theorem we need the following lemma. 


Lemma. Let u(f{) be harmonic and bounded in the circle 
<1. Suppose that there exists an arca, of |f—1|=1, start- 
ing from ¢ =0, in the upper half-plane and an arc a_of \f—1 | =1, 
starting from ¢=0, in the lower half-plane such that the radial 
boundary values u*(£) of on —1 | =1, which exist for al- 
most all § on | ¢—1|=1, satisfy the conditions 


(4) | u*(t) — hy | ona,, | u*(S)—h_| S kona, 


where h,, h_, ks 20 and k_=0 are given numbers. Then, if arg 
ts the branch which is 0 for § real and >0, 


(5) —e— K(args) — H(arg + K(arg $), 
where e—0 as {->0 in any way at all, and K(a) and H(a) are the 
functions given in (2). 
ProoF. The function 
P(g) = — H(arg — K(arg 


is harmonic and bounded in '|f—1 | <1. Because of (4) its boun- 
dary values P*(¢) on lg —1 | = 1 which exist for almost all values 
of f on |{—1|=1 satisfy the relation 


lim P*(¢) < 0. 


by means of the conformal representation of R. Gross requires now that all 
directions from O to another accessible boundary point PO of I, for all P 
“before” O be within one of the angles (1) and for all P “behind” O be in the 
other, provided n is sufficiently large. It is easily seen that, if this hypothesis 
is satisfied, then also that of our theorem holds. The converse is not necessarily 
true, as simple examples like the following show: R is the circle |w—1| <1 
without the following segments: (i) {arg (w—1)=2/2, 3/4<|w—1| <1} and 
(ii) {x—x/(2n) Sarg (w—1)S 4/2, |w—1| =1—1/n*}, (n=2, 3,---); the 
boundary point in question is w=0 and L is the radius at w=0. Our hypothesis 
is evidently satisfied with h, = —h_=x/2 and any ki =k_=k>0, if p is small 
enough. But the hypothesis of Gross is not fulfilled. 

¢t Acta Mathematica, vol. 64 (1935), pp. 172-174. 
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Furthermore, since P({) is bounded, it can be represented by 
the Poisson integral with the boundary function P*(¢). There- 
fore, according to a theorem on Poisson’s integral due to 
A. Ostrowski, 


lim P(g) < 0 


as in | <1 in any way at all.f 

This proves the inequality on the right side of (5). That 
on the left is obtained by applying the same argument to 
~ [u($) —H(arg §)+K(arg 5)]. 


PROOF OF THE THEOREM. 1. Let S, denote the largest con- 
nected subregion of R and of |w|<p containing the part of L 
which is obtained when L is described from O(w=0) up to the 
first point of intersection P with |w|=p. Call a the longest arc 
of |w|=p within R containing P§ a is part of the boundary of 
S,. The region S, is simply connected. Therefore we can map 
the circle |¢—1]|<1 on S, conformally by means of a function 
w=w(f) such that its inverse function approaches O as w—0 
along L. According to a well known theorem on correspondence 
at the boundary in conformal mapping, there is an arc a’’ on 
|¢—1|=1 which contains {=0 neither as an interior point nor 
as an end point, and which is mapped by w(f) on the arc a. The 
function w({) thus has continuous boundary values on the open 
arc a’’. Being bounded, w(f) assumes radial boundary values 
different from 0 at all other points of |¢—1|=1, except perhaps 
for a set of Lebesgue measure 0. Since w(f) is univalent in 
|¢—1]| <1, these boundary values are necessarily different from 
the interior points of a. Therefore they lie within the angles (1). 

2. Denote now by a, and a_ the two arcs of |{—1]| =1, re- 
spectively, extending from ¢=0 up to the end points of a’’, the 
first starting in the upper, the second in the lower half- 
plane. Then we prove: For almost all points §=1+e on az, 
lim, .1w(1-+-pe™) lies in the first of the angles (1), and for almost 
all §=1+e* on a_, this limit lies in the second of the angles (1). 

In order to establish this result, we need only show that if 


{ See A. Ostrowski, Jahresbericht der Deutschen Mathematiker-Vereini- 
gung, vol. 36 (1927), p. 350. 
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¢’ and ¢"’ are two points on the same arc, say a,, at which the 
radial limits w’ and w’’ of w({) exist and are different from 0, 
then w’ and w”’ are in the same angle. Denote by L”’ the image 
of the part OP of L within S, by means of the inverse function 
of w(f). The arc L”’ is a Jordan arc, ending at {=0. Therefore 
we can find a point {/ on the radius at ¢’ and a point ¢/’ on 
the radius at ¢’’ and a Jordan arc y’ within |{—1 | <1 joining 
t/ and ¢/’, such that the curve 7, formed by vy’ and the two 
straight segments {/¢’ and ¢/’¢’’, does not intersect L’’. The 
image of y by means of w=w(f) is an arc within S, joining w’ 
and w’’, which does not intersect L. Therefore w’ and w’’ must 
be in the same angle. 

3. Any branch of argw({) is harmonic and bounded in 
It —1|<1. According to what we have said above, lim,.: 
arg w(1+ pe) exists for almost all points on l¢—-1 |=1 and, if 
the branch is suitably chosen, we have 


Sk, on a@,, 


lim arg w(1 + pe) — hy 
and 


lim arg w(1 + pe”) — h_| S k_ on aw. 


Therefore we can infer from the preceding lemma: 
(6) —1— K(arg arg — H(arg S K(args) +9, 


where n—0 as in 1 | <1 in any way at all. 

4. In order to obtain the connection between w(f) and w(z) 
we first note that the inverse function of w(z) maps S, on a sub- 
region S, of the circle |s—1|<1 and the part OP of L on an 
arc L’ ending at z=0. If 2(£) is a suitable function which maps 
|{-—1|<1 on S; insuch a manner that its inverse function ap- 
proaches 0 as z—0 along L , then w({) = w(z(¢)). We shall estab- 
lish a property of 2(f) at ¢=0. 

The boundary of S,’ consists: (i) of a Jordan arc a’ in 
|z—1|<1 which is the image of the arc a of the boundary of 
S, and joins two points of |z—1|=1, different from each other 
and from s=0; (ii) of another point set 2/ in |z—1 | $1, contain- 
ing z=0. We prove that S; has a tangent at z=0 in the sense of the 


_ 
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definition given in the first remark above. Let €«, (0<¢€<7/2), be 
an arbitrarily given number. According to a well known theorem 
of Lindeléf,* w(z)—0 uniformly in the angle larg z|<s2/2-«. 
Therefore we can find a circle C with center z=0 such that the 
image o of the sector a’, formed by this angle and an arc of C, 
by means of w(z), lies inside |w | <p. Moreover, ¢ is inside S,, 
as can be seen in the following way. If at least one point of the 
arc L’ is in o’, then @ is evidently part of S,. If, however, o’ 
does not contain any points of L’, then we consider the closed 
Jordan curve, I’’, formed by a sub-arc OQ of L’, the radius / at 
z=0, and an arc joining Q and z=1 inside |z—1| <1. Since 
lim 2z;.9w(z)=0 on L’ and on /, w(z)—>0 uniformly as z—0 in 
the interior of '’.f Hence, if we join a point z; of L’ to a point 
22 of / by an arc y’ within I’, in a sufficiently small neighbor- 
hood of z=0, the image y will join w(z;) to w(zz) and will lie 
in |w| <p. Since w(z2) is a point in ¢, this proves that @ is in 
the same subregion of R as the patt OP of L, that is, o is in S,. 

The fact that o is inside S, shows that all boundary points 
of SJ are outside the sector o’. But since they certainly are 
within |z—1]|<1, this proves the result about the tangent at 
z=0. 

5. Now we observe that, if p is replaced by a smaller number 
r, the region S, is a subregion of S, and therefore S/ is a sub- 
region of S,. The boundary of S/ , as well as that of SJ , consists 
of a Jordan arc, joining two points of |z—1|=1, different from 
each other and from z=0, and of another point set Z/ contain- 
ing z=0. The set 2; is part of =. Furthermore, if p—0, 
S; is contracted to the point z=0. Therefore, given any e, 
(0<eé<7m/2), we can find a p=p(e), such that for this p the part 


=, of the boundary of S; lies inside the angles 


We assume that a fixed number ¢ is given, and that p and 
accordingly S, is chosen in such a manner that this condition is 
satisfied. Then S; evidently satisfies conditions at z=0 analo- 


* See Acta Societatis Scientiarum Fennicae, vol. 46 (1915), no. 3, p. 10. 
t See, for example, L. Bieberbach, Lehrbuch der Funktionentheorie, vol. 2, 
p. 21. 


T us 
—-—sSarg:S3 —-—+e, and ——eS argzs—- 
2 2 2 2 
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gous to those of S, at w=0 with 4, = —h_=7/2, ki =k_=e. 
Therefore, we can apply the relation (6) and obtain the result 
that, for a suitably chosen branch of arg 2(¢) and arg ¢, 
(7) lim | arg 2(¢) — arg¢| S 

as {0 in |{—-1]<1 in any way at all. 

Let ¢={(z) denote the inverse function of Then {(z)—-0 
as z—0 in any fixed angle Ag: |arg z| SO <72/2 within S/. From 
this and (7) it follows easily that also 


(8) lim | arg ¢(z) — args| Se 


as z—0 in any fixed angle Ag. 
6. By observing that w(z(¢)) =w(¢) we obtain for z in Ag 


lim [arg w(z) — H(arg z) — K(arg z)] 
z—0 
< Tim [arg — H(arg — K(arg ¢)] 
+ lim | H(arg (¢(z))) — H(arg z) | 
+ lim | K(arg — K(arg 
From (6) and (8) it follows that 


lim [arg w(z) — H(arg z) — K(arg z) | 
z—0 


In the same way we obtain 


lim [arg w(z) — H(arg z) + K(arg z)] 


€ 
Since this holds for any e>0 and the left side is independent 
of €, we can let € tend to 0 and obtain the result (3). 


SCHOOL OF ELECTRICAL ENGINEERING, 
CORNELL UNIVERSITY 
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A NOTE ON A PRECEDING PAPER* 
BY FRANCIS REGAN 


1. Introduction. In a paperf by the author, the following 
lemma was proved. 


Lema. If X, is an element of A(p), the number pa (q/n) XV} 
is a member of the set A[1—(1—p)*]. 


Then again,{ the author applied a theorem due to Copeland §. 

It is our purpose here to extend these two theorems to apply 
in the field of geometrical probability. The proof of the theorem 
corresponding to Copeland’s follows a different procedure from 
that given by him. As a matter of fact, the theorem of Copeland 
may be proved by the method given here. 


2. Extension of the Lemma. The extension is as follows. 


THEOREM 1. If the numbers (q/n)x(E,), (g=1,2,---,m), are 
such that x(E,) = -@eq(P:), deq(P2), -- - , where E, is the interval 
and P;, P2,--- 1s a set of points admissibly ordered 
with respect to the function m(E) (the Lebesgue measure of E) de- 
fined in A; 0<yS1, then (1) the number >™ (q/n)x(E,)V 
has the probability [1-[]“,(1—p.)] and (3) the number 
(q/n)x(E,)V is a of the set (1—p,)], 
where Msn. 


PRoorF oF (1). We know thatl| 


(a) ~ +) x(E,) V= 11~(+) x(E,)-. 


q=1 


* Presented to the Society, February 29, 1936. 

t See the author’s memoir The application of the theory of admissible num- 
bers to time series with constant probability, Transactions of this Society, vol. 36 
(1934), p. 517. 

t Same reference as above, p. 524. 

§ See Copeland, Admissible numbers in the theory of probability, American 
Journal of Mathematics, vol. 50 (1928), p. 550, Theorem 16. 

| The symbol (q/n)x(E,)\/represents the number {(1/n)x(E:)V --- 
V(M/n)x(Em)\VV}, while {~(1/n)x(E;)- --- 
-(M/n)x(Em)- }. Throughout the paper such symbols will have similar mean- 
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The numbers ~(g/n)x(£,), (¢=1,2,--- , M), are independent, 
since (g/n)x(E,), (g=1,2,---, M), are independent. From (a), 
we obtain 

q 

> (4) x(E,) V= (+) ’ 

q=1 n 


and hence we have 


00] 


> (+) x(E,) v| (1 — 


or 


where M<n. 
PROOF OF (2). Since 


then 

Then 


The numbers 7; are chosen such that for every set n, 
+, we have and if The numbers 
~([a+(r:—1)n]/mn)x(E,) are independent. Hence the num- 
bers are independent, from 


ings. For the truth of this equality, see Copeland, The theory of probability 
from the point of view of admissible numbers, Annals of Mathematical Statistics, 
vol. 3 (1932), p. 149. : 


| 
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which it follows that the numbers ~( [g+(ri—1)n]/mn) 
x(E,)- are independent. We may now Conclude that 


M /q k 
imi \ ™ \ emi 
Therefore, the number is an element of 


A[(i- (1—p,))], where 


3. Analog of Copeland’s Theorem. In order to prove the 
second theorem, we shall need the following lemma. 


LemMA. If the numbers x?, x?,---, xy}, x#,---, 
xv2,---, xf, x#,---, are such that x} -x;4 =0, where 
jVj' and xy}, xy2,---, +t are independent, it follows that the 


numbers Gives V--+Vaw?), (x? Vx?#V ---Vxw?2),---, 
x#V --- are independent. 


By hypothesis, x?, x,2,---, xy and xf, xy2,---, 
are independent, and since -x# =0, the numbers x?\<x#, 
Xy2,--+, Xy# are independent.* Then the two sets of numbers 
xiVxi, Xy2,--+, and x7, x2,---, are independent, 
and since (x?V xd) -x? =(x? -x?) V (x4 -x?)=0, the numbers 
xiVxdV x}, x,2,---, are independent. In general, the 
numbers (x,1Vx7 V --- V xw}), xy2,-- +, are independent. 


Applying the above to each of the (k—1) ree. groups 
of numbers, we conclude that the numbers VmV---V 
Vxw?),---, are inde- 
pendent numbers. Hence we have proved a lemma. 

We now come to the analog of the theorem of Copeland. 


THEOREM 2. Jf the numbers (q/n)x(E,), (¢q=1,2,---,), are 
such that x(E,) = beq(P2) - , where E, is the interval 
O<ySp, and P,, P2,--- 1s admissibly ordered with respect to 
the function m(E) defined in A: 0<yX1, and if 


where 0<qi;Sn and ;#qi; of 1, and where Y;-#Y; tf j’¥j, 
then X belongs to the set A(P), where 


* See Copeland, Admissible numbers in the theory of probability, American 
Journal of Mathematics, vol. 50 (1928), p. 543, Theorem 6. 
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i=l ima 


Since the numbers (¢/n)x(Z,) are independent, the numbers 
~(q/n)x(E,) are independent. By hypothesis, we know that 
Y;- Y; =0 if j7+7’. Hence p(X) =P. Now we wish to show that 


for every positive integer m and for every set of distinct integers 


11, Yo, 7%, such that We know that 
Vad = + (r, —1)n] 
m mn 
~ (gi; + (re — 1)n] 
i=aj+1 mn 


The numbers constituting the above product are independent, 
and moreover (7:/m)Y;,, (12/m)Yj,,---, (r./m)Y,, are inde- 
pendent regardless of whether ji, jo, - - - , jx are equal or not. 
Within each group any two distinct numbers are mutually ex- 
clusive; that is, (r,/m) Y;-(r,/m) Y;-=0 if 7#7’. We may now 
apply the above lemma. Hence the numbers 


M M M 


are independent. We know that 


HOE} 


but since the numbers Fed ,(r./m) Y, V are independent, the last 
term is equal to P*. Therefore the theorem is proved. 

It is obvious that the above theorems can be extended to an 
n-dimensional continuum. 


St. Louis UNIVERSITY, 
Sr. Louis, Mo. 
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ON THE PRINCIPLES OF HAMILTON AND CARTAN 
(SUPPLEMENTARY NOTE) 


BY J. W. CAMPBELL 


A request from Dr. D. C. Lewis for an explanation regarding 
a transformation which appeared in my paper on this topic (this 
Bulletin, February, 1936) led me on examination to find that 
the results there given are true in a restricted case but not in 
general. They are valid when the a,, and the a, of the non- 
holonomic relations are functions of ¢ only. Also, under these 
conditions it can be shown that the order of integration in (15) 
and (16) is reversible and that then the action integral 
um 
p-dq, — Hat 
ug 1 
is an extremal for an arc of a trajectory as compared with all 
neighboring paths which are kinematically possible. 
There is, however, a coordination of the principles for the gen- 
eral case. For, using the notation which was adopted, consider 
the expression 


aH 
(a. it) 5p, 


Op, 


0H = 
(- dp, dt + ont) 6q; 
1 


qr 


(17) 
dH m 
+ (ai > 
1 


The integral of (17) over a Cartan locus can, after an integra- 
tion by parts, be written as the negative of 


a &k a m k 
ae 1 ao 1 1 
and its integral over an arc of a trajectory is 


uy &k k 
(19) 6 > p-dqr — Hdt + >; ( > + dt. 
1 


uo ug 1 1 


| 
| 

| 

| 

| 
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But if we consider a cylinder of trajectories through a Cartan 
locus and consider the variations from the trajectories as being 
confined to the surface of such a cylinder, then (18) and (19) 
may be written 


a & 
a} p59, — Hot 
a 1 


(20) 
and 
uy k 
if > — Hat 
(21) ue 1 


am 
+ f f Dd + oat) 
Uo a@ 1 1 


where a =a(u, v), v a parameter, is arbitrary except that 


Oa(uo, v 
a(u, 0) = ao, 2) =0, 2) 
ov ov 


0. 


ell 


The vanishing of (17) identically in 5g,, 6p,, and 5¢ therefore 
implies, and is implied by, the vanishing of either (20) or (21), 
for since the cylinder and the law of the Cartan locus given by p 
are arbitrary, the principle of the identical vanishing of coeff- 
cients is valid. 

Hence, since the \’s are functions of t which are not identically 
zero, a non-holonomic system which is defined by (5) and (6) 
of my paper is characterized either by the Cartan integral in- 
variant 


(22) {> p-bq, — Hat — + ost) at, 


or by the Hamilton extremal integral 


uy k am k 
(23) { ¢-dq, — Hdt + f + at) at. 


This is Taylor’s extension and the corresponding extension of 
Hamilton’s principle for the general case. It might be of inter- 
est to note the geometrical significance of each. In the Cartan 
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principle an integral over a Cartan locus is varied by slipping 
the locus over the cylinder, points going along trajectories, while 
in the Hamilton principle the same expression is integrated 
along an arc of a trajectory and variation takes place by keeping 
the end points fixed but slipping the intervening path over the 
surface of a cylinder, points going over arcs of Cartan loci. 

Finally, two points may be noted. 

(1) From the form of (23) Whittaker’s remarks which were 
cited follow as a corollary. 

(2) Since (23) does not reduce to (16) as a special case, there 
are for the restricted conditions to which the original paper ap- 
plies two different characterizing Hamilton extremal integrals. 


Tue UNIVERSITY OF ALBERTA 


NOTE ON THE CANONICAL FORM OF THE 
PARAMETRIC EQUATIONS OF A SPACE 
CURVE BELONGING TO A NON- 
SPECIAL LINEAR LINE 
COMPLEX 


BY C. R. WYLIE, JR. 


In a recent paper,* the author, by means of a projection from 
hyper-space, obtained the following equations for a general 
curve belonging to a linear complex, 


It is the purpose of this note to call attention to a more sym- 
metric form of these equations. 

Let x;=f;:(s) be the equation of a general space curve, and 
Pi;=P. be the equation of a general linear complex. If the 
curve belongs to the complex 


fe f? fe 


fifd —fafl = fafd — fofi, or 


*C.R. Wylie, Jr., Space curves belonging to a non-special linear line complex, 
American Journal of Mathematics, vol. 57 (1935), pp. 937-942. 


= 
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this last can be written in the form 


(4) 


where u=f;/f,; and v=f2/f,. From these we have at once 


B.1: fi = (=)" uf 


u’ 


B.2: 4 = (v’)'/?7, xe = xy = u(v’)/?7, xy = (u’) 


To show the equivalence of A and B.2, make the substitutions 


Cai: (=) = ft, = ul. 
u’ dt u’ 


From C.1 and C.2 we obtain after an easy integration by parts 


dt 
Using these expressions in B.1 we find 
D: x xe = tf’ — 2f, x3 =f’, %,=1, 
where now the primes indicate differentiation with respect to ¢ 
instead of s. The slight difference between D and A is due to the 


fact that in the paper mentioned above, the equation of the com- 
plex to which the curve belongs was taken to be P}:+2P4¢=0. 


Outro STATE UNIVERSITY 
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ON THE NON-VANISHING OF THE JACOBIAN IN 
CERTAIN ONE-TO-ONE MAPPINGS 


BY HANS LEWY 


THEOREM 1. If u(x, y) and v(x, y) are harmonic, u(0, 0) 
=v(0, 0) =0, and if there exists a neighborhood N, of the origin 
of the xy plane and a neighborhood Nz of the origin of the uv plane 
such that u(x, y) and v(x, y) establish a mapping of N, onto Nz 
which is one-to-one both ways, then the Jacobian O(u, v)/O(x, y) 
does not vanish at the origin. 


ProorF. As the statement of Theorem 1 remains invariant un- 
der homogeneous linear transformations of the uv plane, we may 
assume, in the developments in polar coordinates for u and 
v, that 


u = >> [a,r* cos + sin nd], (a? + b? #0), 


cos + sin n6}, (A? + B? #0), 


~Mes - 


that the positive index i does not exceed k, and that for 1=k 
we have a,B, —A,b, #0. Considering the case i =k first, we may, 
because of the invariance mentioned, assume 


a, = B, = 1, = A, = 0. 
For small values of r, the auxiliary mapping, 
= r* cos = r* sin 


can be continuously joined with the given one for 0S#<1 by 


r* cos + cos nO + bar” sin 


Ut 


= r*sin cos + B,r” sin 


k+l 


The vector (u;, v;) thereby never differs by more than a vector 
of length r*/2 from the vector (#, 3) whose length is r*. Thus 
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the index of the origin* in both fields (u,v) and (a, 6) is the same, 
and as it is +1 for one-to-one mappings we conclude 1=k=1 
and our theorem follows. 

In the remaining case i < k we consider the Jacobian 


_ v) O(u, v) 


We find by elementary computation that the development of 
J starts with the terms of lowest degree in r 


+ Byb,) sin (i — + — cos (i — 
or, with a suitable angle 6, with the term 
kirtt*-1(42 + B2)/2(a2 + cos [(i — k)O — Oo]. 


Hence, for sufficiently small values of r, J assumes both positive 
and negative values, while in a one-to-one map the Jacobian, 
where it does not vanish, is of the same sign as the index of the 
map which is either +1 everywhere or —1 everywhere. Hence 
4<k is impossible and our proof is completed. 


THEOREM 2. Let u(x, y) and v(x, y) be analytic functions of x 
and y in a neighborhood N, of the origin of the xy plane which 
they map onto a neighborhood Nz of the origin of the uv plane in a 
one-to-one correspondence. Suppose, moreover, that u and v are 
solutions of the following equations: 


ou\? Ou dv Ou Av 
(1) ox? = ay’? Ox Oy Ox 0x dy day 
Ou dv Oudv 
oy OxOy 
070 ou du dv du dav 
ox? ay’? Oy Ox 0x dy dy 
Ou dv Ou dv 
oy Oxdy 


* For the topological notions used, see W. Fenchel, Elementare Beweise und 
Anwendungen einiger Fixpunktsétze, Matematisk Tidsskrift, (B), 1932, p. 66. 


(2) 
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in which a(u, v), b(u,v),--- , D(u,v) are analytic functions of u 
and v defined for (u, v) in Nz. Then the Jacobian O(u, v)/A(x, y) 
does not vanish at the origin. 


ProoF. Suppose, without loss of generality, that the power 
series for u and v in x and y start with non-vanishing terms of ith 
and kth degree, respectively, and that furthermore i1<k, i>0. 
Then the terms of ith degree in u(x, y) form a harmonic func- 
tion, because this is trivial for i=1, and for 1>1 the only 
terms in the development of the left hand of (1) of degree 
4#—2 are furnished by those of 0°u/dx?+0?u/dy?. Introduce 
V(x, y) =v(x, y) —F(u), where F is analytic in u and F(0) =0. 
Instead of (1) and (2) we find 


= 
— [a(u, V + F(u)) + F’(u)b(u, V + F(u)) 
(3) 
+ F’?(u)c(u, V + (= +(= =) +- 
Ox? Ay? Ox? ay? 


(4) + [A(u,V + F(u)) + F’(u)B(u, V + F) + F’(u)C(u, V + F) 


and, by substitution of (3) in (4), 


ave av 

— + 

_ dx? ay? 
(5) 


+ [A(u,V + F)+F’B+F°C+F" —F'a 


ral 


where the omitted terms are linear in 


Ou OV au OV V) 
——+-——, +({—)], and 
Ox Ox dy Oy Ox oy O(x, y) 

Now notice that V vanishes for x = y =0 and that in its develop- 


ment the lowest degree K of non-vanishing terms still is =7. 
Let us distinguish two cases, k >i and k =7. For k>1, we con- 


0, 
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struct a function F(x), solution of the ordinary differential equa- 
tion of second order 


A(u, F(u)) + F’(u)B(u, F(u)) 


6 
(6) + — F'a — F% — + F” =0, 


vanishing with its first derivative for ~=0. We have k>i, as 
F(u), considered as function of x and y starts with terms 
of degree 227. Equation (5) shows now a coefficient of 
(@u/dx)?+(Adu/dy)? whose development in uw and V has all 
terms divisible by V. Thus the x, y series for the left hand of 
(5) obtains all terms of degree K—2 from the expression 
0° V whence we conclude that in V the terms of 
lowest order K form a harmonic function. As in the proof of 
Theorem 1, we conclude that the Jacobian 0(u, V)/0(x, y), 
which equals 0(u, v)/0(x, y), would assume both positive and 
negative values in every neighborhood of the origin, which leads 
to a contradiction. Thus i <& is impossible. 

In the case i= we again choose F(z) as solution of (6), van- 
ishing for u=0, but we try to determine F’(u) in such a way 
that k results >i. If this were possible, we could apply the 
same argument as at the end of the last paragraph, and find 
the same contradiction. Hence, should 1=k=1, we would have 
the desired inequality 

O(u,V) v) 

A(x, y) a(x, 
at the origin. If, however, i=k >1, we may determine the linear 
term of F(u) such that for polar coordinates in the xy plane and 
suitable determination of 6= 0 we have 


u = const. cos + 
V = const. r* sin + r**(---). 


This leads, by the same reasoning as in the proof of Theorem 1, 
to the conclusion that the index of the vector field (u, V) at the 
origin is k¥~1. But together with the functions u(x, y), v(x, y), 
the functions u(x, y), V(x, y)=v(x, y)—F(u) also establish a 
one-to-one mapping of the xy plane, because the correspondence 
between the uv plane and the uV plane evidently is one-to-one. 
Hence the index ought to be +1, which completes our proof. 
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A GENERALIZED INVERSIVE ALGORITHM 
BY D. H. LEHMER 


In a previous note* we considered an algorithm for construct- 
ing the mth member of any infinite class C of positive integers, 
an algorithm used by Brunf for the non-tentative calculation 
of the mth prime. In this note we give a generalization in two 
directions of the Brun algorithm. In the first place it is made ap- 
plicable to any denumerable set of elements and secondly a 
parameter (mp) is introduced which allows the algorithm to start 
from a more advantageous position than in the case of Brun, 
where one starts by saying that the mth prime is not less than n. 

The algorithm may be presented in the following form: 

Let 2, €3, - , be a class of ordered elements. 

Let C2 * » “be any infinite subclass of S. 
For x an integer{ >0, we define 6(x) as the number of elements 
of C belonging to the set of the first x elements of S. For x <0, 
we define 6(x) =0. Let mo and n be any positive integers. We 
then form the sequence 


(1) M2,™3,°°* , 
defined by 
me = n — O(mo + m), 
(2) ms = n — O(mo + m, + me), 
m, = n — O(s,), 
where we have written s, for mo+m+ --- +m,.. We may 


then state the following theorem. 


THEOREM. The terms of (1) do not differ in sign, nor do they 
increase in absolute value. There exists moreover an integer k such 


* This Bulletin, vol. 38 (1932), pp. 693-694. 
t Kongelige Norske Videnskaps-selskabet, vol. 4, pp. 66-69. 
t If x is not an integer one could define 6(x) =0([x]). 
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that m,+0 for v<k, while m,=0 for v2k. If m,>0, then e,, 
is the nth member of the class C. If m,<0, then e,,_, is the 
(n—m,-;)st member of C. If m,=0, the nth member of C is én, 
where 


Proor. If m,=0, then equations (2) are all identical and re- 
duce to 


(3) n = 0(mo), 


all the other m’s are zero. The theorem then follows at once 
with k=1, the last statement following from (3) which tells us 
that » members of C have subscripts < mp. 

From the definition of @(x), we have for x>vy, 


(4) 0 Ox) — Oy) Sx-y. 
For m,+0 we consider the difference 
(5) — Mh, = 6(s,) 6(s,—1) = + M,—1) 0(s,-1). 


Using (4) we see that if r22, 


(6) m,—, = 0 implies m, = 0, 
(7) m,_, > 0 implies 0 S m,_, — m, S m,1, 
(8) <0 implies 0 2 — m, = m,_1. 


From these equations we see that the m’s do not differ 
in sign. Also (7) shows that the m’s do not increase if posi- 
tive, while (8) shows that they do not decrease if negative. 
Therefore the sequence |m,|, (r=1, 2, 3, 4,---), is non- 
increasing. If possible suppose that |m,| >0, for all r>0; then 
- - - +m,_; would either increase or decrease 
indefinitely according as m,>0 or <0. In the first case, since 
C is an infinite class, 0(s-) would also increase without limit, so 
that for r sufficiently large m,=n—6(s,-) would be negative, con- 
trary to fact. In the second case s, would ultimately become 
negative so that 6(s,)=0. For such an r we would have m,=n. 
But 2 is positive, while m, is not. Hence |m,| becomes and re- 
mains zero for all sufficiently large r, say r2k. 

To complete the proof of the theorem set r= in (5) and ob- 
tain 


(9) 


= + — O(Si-1). 


| 
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If m, and hence m;,_, is positive, (9) tells us that all the m,_; 
members of S: €,,_,41, » belong to C. In particular 
the last one which is e,, belongs to C. Moreover m, =n —0(s;) =0. 
Hence ¢,, is the mth member of C. If m, and hence m,;_; is nega- 
tive, (9) tells us that all the m,_, members of S: 
belong to C. In particular e,,_, is a member of C. But 
Or O(Se1)=n—mir; hence ¢,_, is the 
(n—m,_,)st member of C. Thus the proof is complete. 

If S and C are wholly arbitrary one may show by means of 
examples that the conclusion of the theorem is the best that 
can be obtained from the hypothesis. Additions to the hypothe- 
sis make the last two statements of the theorem more precise. 
For example, if we assume that no two consecutive members of 
C are consecutive members of S, it is easy to prove that ¢,,_, is 
the (n—1)st member of C in case m<0. 


LEHIGH UNIVERSITY 


A NEW CLASS OF FUNCTIONS OF TWO VARIABLES 
INVOLVING BESSEL FUNCTIONS OF HALF 
AN ODD INTEGER* 


BY N. A. HALL 


The evaluation of certain integrals arising in the theory of the 
conduction of heat between two media of different conductivi- 
tiest suggested the consideration of the expansions: 


(1) sin [a(1 + x?)!/? — Bx] = > x"S,(a, B), 
n=O 

(2) cos [a(1 + — Bx] = x"Cn(a, B), 

(3) exp ifa(1 + x*)/? — Bx] = (a, B), 


(4) exp — ila(1 + x?)!/? — Bx] = (a, 8). 


* Presented to the Society, November 30, 1935. 
¢ G. Green, Philosophical Magazine, (7), vol. 18 (1934), p. 631. 


| 

| 
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The four sets of functions appearing in these series are expressi- 
ble as polynomials in the Bessel functions of half an odd integer 
and have a number of fairly significant properties. 

As is evident from the nature of the generating functions all 
four sets satisfy the following equations: 


(5) +u, = 0, 

(6) 3B? + = 0, 

(7) + + = 0, 


together with the special equations 


(8) C,(a, B) S,-1(a, B) 


(9) = S,(a, B) B), 


and similar relations between EE,‘ and E,°?) obtainable from the 
above by means of 
(10) Ex (a, B) = Cala, B) + 8), 
(11) Ex (a, B) = Cx(a, B) — iS,(a, B). 

The equations (5)-(11) together with the known values of the 
functions for a=0 and n=1 are sufficient to determine the func- 
tions uniquely. Solving these equations, we obtain the results: 


1/2 Sn/2 k 
(12) = (— #8) (=) ela), 


2 k= 
1/2 gSn/2 k 
(13) B) = (i8) (=) > (a), 
k=0 
where 


1/on,. = T(n — 2k + 1)T(k + 1), 


and where H, (a) and H,‘ (a) are Bessel functions of the third 


| 
_ 
— = 
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kind, together with expressions for S, and C, in terms of Bessel 
functions of the first and second kind. From the properties of 
the Bessel functions, we may also obtain expressions of the form 
Sa/2 On, (l + a 
(=) 


14) S,(a, 
(14) Sala, 8) = +n 28 


—(n+1+ 
and 2 
Sn/2 


C,(a, 8) = sinja — 12(@) 
28? 


(15) a\* 
— cos —n =) ( =) Ry-2,3/2(@), 


where Rx, is the Lommel polynomial.* 

From the well known infinite integrals involving the Bessel 
functions, a number of polynomials.may be expressed in terms 
of infinite integrals involving these new functions. Among the 
most interesting are the expressions for the truncated hyperbolic 
sine and cosine series: 


n 
(16) py» (27 + 1)! 
cosh?2"+! 7 
= (—)**! e7% sinh B sech r)da, 
sinh r 0 
f e~ sinh (a, B sech r)da. 
0 


Of a more complicated nature are 
a) B n 1 4 
(18) E, (a, B)da=(—7) = 


and 


(19) f B)da= =n; 


In addition to the above series expansions for the functions, 


* G. A. Watson, Theory of Bessel Functions, p. 296. 
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we may obtain from them or direct from the generating func- 
tions expressions in terms of contour integrals. Making use of 
the contour integrals for the Bessel functions* we obtain results 
of the type: 


(20) B) = [ors («, = 


(x) 3/2 


where the contour starts at the origin in the direction of the 
positive imaginary axis, bends around and extends to infinity 
along the positive real axis; and where x,(s, t) is a polynomial 
related to the Hermite polynomial, 


2t n o” Sn/2 t m 
n! os” s? 


= He, ( ). 
n! 


A similar expression exists for E® (a, 8), where in (20) 7 is re- © 
placed by —i and the contour is the same but below the positive 
real axis. 

In conclusion it might be stated that on setting 8=0 the ex- 
pansions (1)-(4) become simply special cases of Lommel’s ex- 
pansion of a Bessel function with an irrational variable.{ An 
extension of these expansions to obtain generalizations of our 
functions of two variables might be of some interest, although it 
introduces hypergeometric series of the type 2F3. 


(21) 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* Watson, loc. cit., p. 178. 
t H. Lacrose, Comptes Rendus, vol. 148 (1909), pp. 770-773. 
¢ Watson, loc. cit., p. 140. 
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ON THE MODULUS OF THE DERIVATIVE 
OF A POLYNOMIAL* 


BY W. E. SEWELL 


1. Introduction. Let P,(z) be an arbitrary polynomial of de- 
gree m in zand let | P.(z)| <= Monaset C. The modulus of P,! (z) ¢ 
on C has an upper bound depending on M, on 2, and on the 
set C. In this connection A. Markofff has proved the following 
theorem. 


Let | P,(z)| $1 im the interval —1<2< +1. Then | P, (z)| <n? 
for —1S25+1. This bound is attained only by the polynomial 
+a cos n arc cos z, |a| =1. 


A second fundamental result is the following theorem of S. 
Bernstein. § 


Let |P,(z)| <1 om C: |2| $1. Then | Pj (z)| <n om C. This 
bound is attained only by the polynomial az”, | a| =1. 


These theorems have been generalized in various directions 
by P. Montel,|| G. Szegé,§ Dunham Jackson,** and the au- 
thor.f{ Here we will prove the following generalization. 


THEOREM A. Let P,(z), a polynomial of degree n in z, be in 
modulus less than a constant M on a set C which has no iso- 
lated points and whose complement has finite connectivity. Then 


* Presented to the Society, December 31, 1935. 

+ Ps (z) denotes the first derivative of P,(z). 

t A. Markoff, Abhandlungen der Akademie der Wissenschaften zu St. 
Petersburg, vol. 62 (1889), pp. 1-24. Markoff considers only polynomials with 
real coefficients. For the general case see M. Riesz, Jahresbericht der Deutschen 
Mathematiker-Vereinigung, vol. 23 (1914), pp. 354-368; see especially p. 357. 

§ S. Bernstein, Lecons sur les Propriétés Extrémales, 1926, pp. 44-46. 

I P. Montel, Bulletin de la Société Mathématique de France, vol. 46 (1919), 
pp. 151-196. 

q G. Szegé, Mathematische Zeitschrift, vol. 23 (1925), pp. 45-61. 

** Dunham Jackson, this Bulletin, vol. 36 (1930), pp. 851-857; vol. 37 
(1931), pp. 883-890. 

tt W. E. Sewell, Proceedings National Academy of Sciences, vol. 21 (1935), 
pp. 255-258. 


= 
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| P.! (2)| < MK(C)n? on C, where the constant K(C) depends only 
on C. 


An application* of this result gives the following theorem. 


THEOREM B. Let f(z) be a function of z defined on C. If for 
every n there exists a polynomial of degree n, such that 


M 
| — Pale)| (a > 2), 


on C,aand M independent of n and z, then f(z) has a first deriva- 
tive on C. 


2. Proof of Theorem A. The result is obvious if P,(z) is a con- 
stant and in all other cases the set C is bounded. The theorem 
is not true for an isolated point.t Let C’ be any one of the finite 
number of pieces composing the set C; the complement D’ of C’ 
is simply connected and contains the point z= «. Let w=¢(z) 
map D” conformally on |w|>1 so that the points at infinity 
correspond. Call the image of | | =1++p), (9 >0), under the in- 
verse map, C,’. By a result of the author{ it is known that the 
distance from C’ to C,” is at least as great as B(C’)p?, where 
B(C’) is a constant depending only on C’. Also by Walsh’s§ 
generalization of a theorem of Bernstein, it is true that 
| P,(z)| S$ M(1+p)*, z on or within C?. Now let zo be any point 
on C’ and describe a circle y about 2 of radius B(C’)p?. Then 


1 P,,(t)dt 
Since ¥ lies interior to C7, we know that | P,(#)| <M(1+p)*, 
for ¢ on y, and consequently 


* Similar results for generalized derivatives in the case of functions of a 
real variable have been established by P. Montel, loc. cit. Montel’s results have 
been extended to the complex domain for various types of regions by the au- 
thor, loc. cit. For applications of Bernstein’s and Markoff’s theorems to ap- 
proximation in the sense of least mth powers see Dunham Jackson, loc. cit. 

+ Consider a polynomial at the origin, for example. 

t Loc. cit., p. 257. Here the result is stated without proof. 

§ J. L. Walsh, Interpolation and Approximation by Rational Functions in 
the Complex Domain, Colloquium Publications of this Society, vol. 20, 1935, 
pp. 77-78. 
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| Piz )| < 1 M(1 + p)"2xB(C’)p? M (1 + p)” 
n 


If we take* p=2/(n—2), (n>2), we have 
| Px (zo) | MK(C*)n?, (n > 2), 


where K(C’) is independent of m for n>2. Since we may con- 
sider a polynomial of degree n»—1 as a polynomial of degree n 
with leading coefficient 0, the constant can be adjusted so that 
the inequality holds for all ”.f There are only a finite number of 
pieces C’, and the proof is complete. 


3. Proof of Theorem B. By hypothesis 


M 
| f(z) — P,(z)| < — on C, 
n= 
M 
| f(z) | on C; 
then 
2M 
| Pn4i(z) — P,(s) | < on C. 
n= 


Hence by Theorem A 


2M K(C)(n+1)? 


| — < on 


‘By taking 2"-'<n<2™ and considering the remainder of the 
series{ 
we can establish uniform convergence of the series 
Po (2) + [Pi (s) — Po (z)] + [P2(2) — +--- 
for any a>2, and thus the proof is complete. 


HARVARD UNIVERSITY 


* For the details of this method see P. Montel, loc. cit., and G. Szegé, 
loc. cit. 

+ J. L. Walsh suggested this method for including all n. 

¢ For the details of this method see P. Montel, loc. cit. 


NORMAN LEVINSON 


ON CERTAIN THEOREMS OF POLYA AND 
BERNSTEIN 


BY NORMAN LEVINSON* 


1. Introduction. As a generalization of the Fabry gap theorem 
Pélyaf has proved the following result. 


THEOREM 1. The function f(z) given by the power series 


(1) f(z) = a,2™ 
0 
with 
(2) lim =D, 


hast at least one singularity on every arc on its circle of conver- 
gence whose intercepted angle exceeds 24D. 


V. Bernstein§ has proved the following theorem. 


THEOREM 2. Let $(z) be analytic in some sector |am 2| Sa. Let 


3) elo! _ 


Suppose there exists some b such that for any e>0, 
(4) d(re®) = cos (| 6| < a). 


Let {d,} be an increasing sequence of positive numbers such that 


(5) lm — = D, Anti An 


* National Research Fellow. 

t Pélya, Untersuchungen iiber Liicken und Singularitéten von Potenzreihen, 
Mathematische Zeitschrift, vol. 29 (1929). 

} The theorem with (2) replaced by the Pélya maximal density is obvi- 
ously an immediate corollary of Theorem 1. 
§ Bernstein, Séries de Dirichlet, 1933, Chap. 9. 
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If rD>b, then 


Bernstein uses rather deep results from the theory of Dirich- 
let series in proving this theorem and points out that as yet no 
proof has been given using ordinary function theory. Here we 
will give a simple function theoretic proof of this theorem and 
then show how it leads at once to a proof of Theorem 1. We will 
then discuss other theorems of Pélya and Bernstein. 


2. Proofs of Theorems 1 and 2. We require the following re- 
sults of Pélya* and Carlson. 
Let {d,} satisfy (5). If 


2? 
re) 
then 


log | F(re# 


__log | F(+ 
OS 


x 


(7) 


To any €>0 there exists an A and a B such that 


1 
(8) | F(z) | > [z+ 25% 
and 
(9) | F’(Xn) | > Be. 


PROOF OF THEOREM 2. Let us suppose that rD>6 but that 
contrary to (6) we have 


< he 
og | | 


(10) c<a 


no n 


From (9) and (10) 


* For a proof of these results see Pélya, loc. cit., p. 568, Theorem XI and the 
two examples following it. 
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is an entire function. Since g(A,) =@(A,), it follows that 
(12) ¥(z) = 


is analytic for |am z| <a. From (4), (8), and (11), it follows 
that there exists a B>0 such that, for |s—),| 2d/2, 


(13) = 


Since ¥(z) is analytic (13) must be true even when | z—h,| <d/2. 
We assume a <7/2, which is obviously no restriction. If we 
set (rD—b) tan a=y, then (4), (7), (11), and (12) give us 


= O(er cos a(a—y+« sec a) + cos e) 
If we now choose ¢ <y cos a/2, it is clear that 
¥(ret*=) = Ofer? p = max (a — 7/2, ¢). 


That is, e~*4)(z) is bounded on am z= +a. But by a well known 
theorem of Phragmén-Lindeléf this and (13) imply that it is 
bounded in the entire sector |am z| S<a<z/2. Thus, in particu- 
lar, 


(14) v(x) = Ofer), p = max (a — 7/2, ¢). 


By (12), d(x) = F(x)(x)+g(x). Thus using (7), (11), and (14), 
we find 

—— < max (a — 7/2, ¢), 
contrary to (3). This proves the theorem. 

PROOF OF THEOREM 1. We suppose without restriction that 
the radius of convergence is 1. Suppose there exists an arc of 
the unit circle with intercepted angle 2x8>2zD on which f(z) 
is analytic. We can assume that the arc contains the point z= —1 
and is symmetric about this point. We define C as the curve con- 
sisting of the line from (1+45)e-**¢-® to e-*!-® /2, the arc of 
the circle | =1/2 from /2 to /2 in the positive 
sense, and the line from e7*#-®)/2 to (1+6)e7*!-®., We define J 


| 
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as the curve along the arc of the circle | z| =1+46 from the point 
to the point in the positive sense. 
We take 5>0 but so small that f(z) is analytic on the closed 
curve C+J and inside the region bounded by this curve. 
Let {u,} be the positive integers complementary to the {m,}. 
Then clearly 


(15) wi 


Since the coefficients of z= in the power series of f(z) are zero, 


f(z) f(z) 

(16) 
Since f(z) is bounded on J, (16) gives 
(17) dz = ). 

c (1 + 
Let 

1 

(18) H(w) = — f(z) dz 


2ridc 
Writing z-” as r~“e~*”, we see that 
| | < 
on C. Therefore for 6<1, 
(19) A(u + iv) = 
Let 
lim log | H(u) | ws 


u 


(20) 


Then by (19), 


is bounded along the positive imaginary axis and by (20) with 
any €>0, it is bounded along the positive real axis. Thus by a 
well known theorem of Phragmén and Lindeléf it is bounded in 
the first quadrant. That is, in the first quadrant 
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(21) H(w) = (u = 0). 


Similarly this result is true in the fourth quadrant and therefore 
for all w~20. From (17) with 6<1, 


(22) H (un) = O((1 + = O(e-/?), 


We can now apply Theorem 1 to H(w) using (20), (21), (22), and 
(15). The fact that r(1—D)>7z(1—8) shows that as —6/2. 
That is, 


H(u) = O(e-“*/4), (u > 0). 
Thus 


ghat 


= HO.) 


Therefore the radius of convergence exceeds 1, contrary to our 
assumption. This proves the theorem. 


3. Extended Results. We can get all the theorems of Bernstein 
of the same type as Theorem 2 which are given in Chapter 9 
of his Sértes de Dirichlet as easily as Theorem 2. Moreover, we 
can replace the real sequence {m,} by a complex sequence 
{z,.}, where |am Za| —0 as n—~. It is also possible to obtain 
certain new theorems of a similar nature but considerably more 
precise. 

As regards Theorem 1, the method used will also yield the gap 
theorems of Pélya on entire functions. Here we require a more 
precise statement of Theorem 2 which is however no harder to 
prove. We will consider these various results in some detail in 
the near future. 


PRINCETON UNIVERSITY 
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A PARADOX OF LEWIS’S STRICT 
IMPLICATION 


BY TANG TSAO-CHEN 


The postulates for Lewis’s strict implication are nine in num- 
ber,* namely, 


[11.1] pq 3 9p 

{11.2] bq 3p 

[11.3] b 3 pp 

[11.4] (pq)r 3 p(qr) 

[11.5] b3~(~?) 

[11.6] .pdr 
[11.7] b.p 3 

{19.01 ] 30% 

[20.01 (3p, 9): ~ (6 39).~ (63 


By the operations of substitution, adjunction, and inference, 
a body of theorems is obtained. But the following theorem, 
which is a paradox of the strict implication, is not explicitly 
mentioned in Lewis’s book. 


Any two of the first eight postulates are such that each ts de- 
ducible from the other, if pq be interpreted as ‘p is deducible 


from q.’ 


In order to prove this theorem we assume the following eight 
theorems. f 


Def. 0=q~q 


* The references are to Symbolic Logic, by Lewis and Langford, 1932. 

+ For the proof of these theorems see the paper, The theorem “p-3q- =- pq 
=p” and Huntington's relation between Lewis’s strict implication and Boolean 
algebra, by Tang Tsao-Chen in this Bulletin, vol. 42 (1936), pp. 743-746. 


708 TANG TSAO-CHEN {October, 


2. p~p=0 
3. p0 = 0 
Def. i=~O0 
4. Pg 3p. =.i 
5 pip.=.i 
6. 3¢. 3 
p3q.=1.p3¢ 
8. p 3q. = .pq =P. 


Note that the Theorems 4 and 5 are particular cases of the 
following theorem. 


9. If p3q 1s asserted, then p3q-=-1. 


[Hyp. ] p34 (1) 
[(1), 8.] bq =p (2) 
[12.11] bg =p. = (3) 
[(2), (3)] pg =~. = .p=P 
[11.03,12.7] p=p. = .p 3p (5) 
[(4), (5),5.] po=p. = (6) 
[(6), 8.] 3q.=.1 


From the above theorem it is very easy to prove the following 
theorem. 


10. If p3q and r-3s are both asserted, then 


and 
[Hyp. ] pq (3) 
[(3), 9.] p3q.=.i (4) 


[Hyp. ] rs (5) 
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[(5), 9.] rs. 


= 71 (6) 
[(4), (6) ] p3q.=.13s (7) 
[11.03] (7) = (1)(2) (8) 
[(7), (8) ] (1)(2) (9) 
[11.2] (1)(2) 3 (1) (10) 
[12.17] (1)(2) 3 (2) (11) 
[(9), (10) ] (1) 
[(9), (11)] (2) . 


The paradox stated above is a particular case of Theorem 10, 
and therefore requires no further proof. 
NaTIONAL Wu-HaAn UNIvErsity, 
WUCHANG, CHINA 


THE BETTI NUMBERS OF CYCLIC PRODUCTS 
BY R. J. WALKER 


1. Introduction. In a recent papert M. Richardson has dis- 
cussed the symmetric product of a simplicial complex and has 
obtained explicit formulas for the Betti numbers of the two- 
and three-fold products. Acting on a suggestion of Lefschetz, 
we define a more general type of topological product and apply 
Richardson’s methods to compute the Betti numbers of a cer- 
tain one of these, the “cyclic” product. 


2. Basis for m-Cycles of General Products. Let S bea topological 
space and G a group of permutations on the numbers 1, - - - , 2. 
The product of S with respect to G, G(S), is the set of all m-tuples 
(P,,---, P,) of points of S, where (P;,,--- , Pi,) is to be re- 
garded as identical with (Pi, --- , P.) if and only if the permu- 
tation Get) is an element of G. A neighborhood of (P;,---, Px) 
is the set of all points (Q;,---,Q,) for which Q; belongs to a 
fixed neighborhood of P;. It is not difficult to verify that the 


+ M. Richardson, On the homology characters of symmetric products, Duke 
Mathematical Journal, vol. 1 (1935), pp. 50-69. We shall refer to this paper 
asR. 
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Hausdorff axioms hold for this definition of neighborhood, and 
hence that G(S) is a topological space. In particular, if G is 
the identity or the symmetric group, G(S) is, respectively, the 
direct or the symmetric product of S. If G is the cyclic group on 
n elements we shall call G(S) the n-fold cyclic product of S. 

The space G(S) can be obtained in another manner. Let S* 
denote the -fold direct product of S. Then each element 
G3) of G gives rise to an automorphism of S* which carries 
(P;,---,P,) into (Pi,,---, P:,). By identifying points which 
are images of each other under the group of automorphisms we 
evidently obtain a space homeomorphic to G(S). 

Now let K be a simplicial complex, K* its direct product, 
and k=G(K) its product with respect to the group G of degree 
m and order r. We then have r automorphisms 7) of K*, and 
a continuous, single-valued transformation A of K” into k, 
such thatT 


(1) AT, = A. 


Richardson has shown{ that K* and k can be subdivided into 
simplexes in such a fashion that the transformations 7, and 
A are simplicial. We can therefore operate with them on chains 
of K*. If E and e are simplexes of K* and k, respectively, such 
that e=AE, we define the operator A’ by A’e=).,7,E. We 
have then 


(2) AA’e = re, 


We also find that 7,, A, and A’ preserve boundaries and hence 
homologies. 

The principal theorem of Richardson,§ concerning the Betti 
numbers of &, is stated in terms of matrices. For actual compu- 
tation we find it easier to work with the cycles themselves, and 
so we shall state and prove the theorem in a slightly different 
form. 


t In the expression for the product of two transformations, the transforma- 
tion represented by the right-hand symbol is to be applied first. 

1 R, pp. 51 and 53. 
§ R, p. 52. 


_ 
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THEOREM 1. Let {I'*} be an independent basis, with respect to 
homology, for m-cycles, with rational coefficients, of K", such that 
T,Ti=+T4, (A=1,---, 7); and let {T=} be a maximal subset 
of {T*} such that 


(b) TI's Ts, 


for any d. Then {y«}={AT} is an independent basis with 
respect to homology for the m-cycles of k. 


ProoF. (i) The y* are independent. For suppose that we have 
that is, Then 


= %qA’AT 2 = * ~ 0, 
ar 


by (3). Now if e= +1, we cannot have 
for this would imply 


= eT Ti = — Te = 


contrary to condition (b). Similarly, from (a), we cannot have 
T,T* = +T‘, Ba. Hence with each such I‘ there is associated 
an €;, a 1’, and s; values of \ for which 7,T'*=e,I‘. If the last 
homology is now written in terms of the basis {I'*}, the coeffi- 
cient of will be ¢€;s;x.. Since the are independent, ¢;s:x.=0, 
and therefore every x. =0. 

Use was made of the properties of the rational coefficients 
only in the last step of each part of the proof. Now the s; 
introduced in (i) are factors of r, for the 7) for which 7,T'* =e,T# 
evidently form a coset of the subgroup which leaves I“ invari- 
ant. It follows that the theorem will hold for any coefficient 
group in which each element has a unique rth part; in particular 
for the group of residues modulo a number prime to r. 

(ii) {y*} is a basis. We note first that since the set {T*} is 
maximal every I is of one of the two forms TT or f/, where 
for each j there is a; such that 7),f/=—fi. Also, AT7=AT7,,f% 
= —AT’, so that AT’=0. Now if y is any m-cycle of k, A’y is 
an m-cycle of K”, and so 


A’y ~ xJ* = + > 
7 


i 


La 
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Hence 
ar 7 ar 
by (2) and (1). That is, 


Xar 


3. Betti Numbers of Cyclic Products. Keeping the notation 
as before, we let G be the cyclic group on elements. To com- 
pute the mth Betti number of the cyclic product k we must 
count the number of m-cycles T=. A basis of the type {T‘} 
used in the theorem is obtained by taking all cycles of the form 


> m+---+m, =m, 


C,.; being a member of a basis of m;-cycles of K.f Following 
Richardson’s procedure, we obtain 


= (— X KX Cm X K Cm, 
where 
= + mm, = m(m — m) = mm, — me 
= mm, — m, (mod 2) 
= (m — 1)m, 
and by induction 


© = (m — 1)(m, + --- +m) (mod 2). 


Let g be a factor of n, n=qs, and consider all I‘ which are 
invariant, to within change of sign, under G,, the cyclic sub- 
group of G of order g. They necessarily have the form 


x 


there being g identical sets of factors. We must have g(m,+ 


+ S. Lefschetz, Topology, p. 228. 


| 
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+++ -+-m,) =m; that is, to have a I,, g must be a factor of m 
and hence of (m, n), the highest common factor of m and n. 
If ¢ is a proper multiple of g and a factor of (m, n), it is easily 
seen that a I; is also a T',. We denote by ['¥ any I, which is 
not such a I, and by A»,, the number of [.*. The total number 
of T, is then >> .Am,:, the summation being over all values of £ 
which are multiples of g and factors of (m, m). But the number 
of I, is evidently equal to the number of possible combinations 
of the form Cn,X --- XCu,, mt --- +m,=m/q, and this is 
exactly Rn,;,(K*). Hence 


2 An, = 


and from these equations we can obtain the A,,,, step by step 

starting with g=(m, m), or directly by the use of the Dedekind 

inversion formula. 
Now 


> 


= (- = (- 


and so if m is even and m/q is odd, I, is a cycle of the type 
fi of Theorem 1 and is not counted among the I=. We therefore 
put 


if m is even and m/q is odd, 
= 


Am,q otherwise. 


Consider the s cycles 7iT¥,---, If any two of 
these are equal, say *=7,T (¢> 7), then is invariant, 
to within change of sign, under the subgroup generated by 
T -'T;=T;_;, and hence under the minimal subgroup contain- 
ing G, and 7;_;. Since i—j<s, T;_; is not an element of G, and 
therefore this subgroup is a G, with ¢ a proper multiple of q, 
contrary to the definition of ['*. It follows that there are ex- 
actly s=n/q distinct transforms of each of the B,,,, cycles 
I'7, and so we can pick out (q/n)B,,, of the [* which are not 
transformable into one another and which can therefore be in- 
cluded among the T= of Theorem 1. Since the cycles ['* for 
different values of g are not transformable into one another and 
since every I‘ is a ['¥* for some q, we have the following result. 
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THEOREM 2. 
Ra(k) = (1/n) >> 


the summation being over all factors of (m,n). 
The following special cases may be of interest. 
CoROLLARY 1. If n ts an odd prime 


(1/n)Ra(K"), if (m,n) = 1, 


(1/n)[Ru(K*) — R.(K)] + RAK), if m = ns. 


COROLLARY 2. If p is an odd prime and n=p*, m=p'm, 
(m, p) =1, and y=min a, B, 


—1 1 
Rat) = + | 
i=1 


Coro.iary 3. Jf Ro(K) =1, then Ri(k) = Ri(K). 


4. Remark. The methods used on the cyclic product can evi- 
dently be used to compute the Betti numbers of a product with 
respect to an arbitrary group. In general, however, the resulting 
formulas are too complicated to be of interest. 


CORNELL UNIVERSITY 


— 
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THE DIVERGENCE OF SEQUENCES OF POLYNO- 
MIALS INTERPOLATING IN ROOTS 
OF UNITY 


BY J. L. WALSH 


Polynomials defined by the property of interpolation to a 
given function in the roots of unity have been studied by Méray, 
Runge, Fejér, and the present writer,* and are of considerable 
interest. Thus the following theorem has been established, ex- 
cept for the last sentence. 


THEOREM. Let the function f(z) be single-valued and analytic 
throughout the interior of the circle |z|=p>1, but not single- 
valued and analytic throughout the interior of any larger concentric 
circle. Let pn(z) be the unique polynomialt of degree n which 
interpolates to f(g) in all the (n+1)st roots of unity. Then the 
sequence p,(z) converges to f(z) throughout the region | s| <p, 
uniformly on any closed point set interior to that region. The se- 
quence p,(z) diverges at every point exterior to the circle | | =p. 


Hitherto it has been known{ merely that the sequence ,(z) 
diverges at every point of the region p<|z| <p?; it is the object 
of the present note to establish divergence at every point ex- 
terior to the circle |z| =p. 

In our proof it is convenient to have for reference several 
easily proved lemmas. 


Lemma 1. The relations 


(1) Tim |4,|/"=g, 
imply 
(2) lim | A, + B, |!" < g. 


* See, for instance, Walsh, Interpolation and Approximation, Colloquium 
Publications of this Society, vol. 20, 1935, $§7.1, 7.10. 

t A polynomial of degree 2 is an expression of the form aoz"+-a12""'+ - - - 
+an: we do not assume do £0. 

¢ Walsh, op. cit., p. 154. 


iz 
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Let «>0be arbitrary. From equations (1) we have for n suffi- 
ciently large 


|A.| @te)", S (qm +6"S 
Thus we have 
Tim 


When € is allowed to approach zero, inequality (2) follows. 


LEMMA 2. The relations 


(3) lim | C,|'/" = q, Tim | = <q 
imply 
(4) Tim |C, + D,|!/" = q. 


From Lemma 1 we conclude that the left-hand member of (4) 
is not greater than g. But 


(5) lim | C, + D,|!/" = q2 <q 


is impossible, for by (5) and the second of relations (3) we should 
have by setting A4,=C,+D,, B,=—D, in Lemma 1 


Tim | C,|?/" [larger of and g2] < q, 


in contradiction to (3). 
Lemna 3. Let $,(z) denote the sum of the first n+-1 terms of the 


series a,2". Let us suppose 


(6) Tim | = A >0. 


Then we have for |z| 21/A 
(7) Tim | s,(z) = Alz|. 


Let «€>0O be arbitrary. For m sufficiently large we have 
|a,| <(A+e)", so the sequence |a,| /(A +e)” has a finite upper 
bound M: 


- 
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| M(A +6)", 
(A + e)N+1| — 1 
Tim | sw(z) < (4 2]; 
Noo 


N 
| sv(z)| MD (A +6)*|2|* = M 


allowing € to approach zero then yields the relation 


(8) Tim | s,(z) < 


Let us now assume the inequality to hold in (8): 


Tim | sa(z) <Q < Ala]; 


we shall reach a contradiction. For ” sufficiently large we have 


| < | sa(z)| <Q", 
| sn(z) — Sas(z)| = | < + 1/0), 
| < Q*(1 + 1/)/| 2|*, 
Tim | < Q/|2| <4, 


which contradicts (6). Equation (7) is established. 

It is worth remarking that equation (7) may fail if the re- 
quirement | 2| 21/A is omitted, as is illustrated by the series 

We are now in a position to establish the theorem. For the 
polynomials p,(z) already defined we have the interpolation 
formula 

1 f(t)dt 


1 
(9) f(z) — = (z interior to Cr), 


where Ce denotes the circle | z| =R,1<R<p. If P,(z) denotes 
the sum of the first +1 terms of the Taylor development of 
f(z) about the origin, then P,(z) is also the polynomial of degree 
n which interpolates to f(z) in the origin counted of multiplicity 
n+1,so we have 

1 f(t)dt 


(10) f(z) — P,(z) = Sed (z interior to Cr). 
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Subtraction of (10) from (9) member by member yields the 
equation 


1 “in t)dt 


Equation (11) is thus established for z interior to Cr. But when 
the common factor t—z is cancelled from numerator and de- 
nominator in the integrand in (11), it is seen that that integrand 
considered as a function of z has no singularity for any (finite) 
value of z; hence the right-hand member of (11) represents a 
function of z analytic for all finite values of z; the two members 
of (11) are equal for z interior to Cr, so equation (11) is valid 
for all finite values of z. 

For any finite value of z exterior to | z| =p we read off directly 
from (11) 


But R can be allowed to approach p, whence the inequality 
(12) lim | P,(s) — pa(s) |" S| /p?. 


The radius of convergence p of the Taylor expansion f(z) 
satisfies the equation 


Tim | a,|'/* = 1/p, 


and Lemma 3 yields for | z| >p, 
(13) Tm | P,(z) = | | /p. 


Relations (12) and (13) imply through Lemma 2 (|z| >p>1) 
Tim | p,(z) |" =| 2] /p > 1. 


Thus the sequence p,(z) cannot be bounded when | z| >p, hence 
cannot converge. The theorem is established. 

This method of proof is somewhat similar to, but by no 
means identical with, a proof used in an analogous situation by 
Faber.* The present proof is valid, the reader may notice, if the 


* Journal fiir Mathematik, vol. 150 (1920), pp. 79-106. 


| 
| 
| 
ssi‘ 
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polynomial ,(z) is defined by interpolation to f(z) not in the 
(n-+1)st roots of unity but in the (7+1)st roots of an arbitrary 
number an, $1. 

Lemma 3 extends at once to the case of series of form 


(14) > Ona(2) 
n=O 


where lima | gn(z) | /* =q(z) exists. For such series, as for the 
more restricted case of power series, regions of convergence and 
of divergence can be expressed readily* in terms of g(z) and of 
limn«|@n |". Many comparison series of form (14) found by 
interpolation exist, for which (as for power series) lima.» | an [1 ad 
can be determined at once from the singularities of the function 
expanded; such a comparison series may be a series of inter- 
polation, and may be an expansion in polynomials which belong 
to a more or less arbitrary region. f Whenever such a comparison 
series is given, the method of proof of the theorem of the 
present note yields the divergence of suitable “neighboring” 
sequences of polynomials of interpolation. Thus the present 
method has a much wider application than the italicized 
theorem suggests, by the use no longer of power series but of 
more general comparison series. 

But if an arbitrary sequence of polynomials of interpolation 
is given (for instance, converging to the defining function max- 
imally on a given point setf), it may be difficult to determine a 
suitable comparison series (14) of the kind required for applica- 
tion of the present method. Thus there still remain many se- 
quences of polynomials of interpolation for which exact regions 
of uniform convergence are known but whose divergence at all 
points exterior to those regions has never been established; still 
other methods need to be devised for the study of such diver- 
gence. 


HARVARD UNIVERSITY 


* See op. cit., §3.4, Theorem 5. 
ft For instance, op. cit., Chapter 7, especially §7.2, Corollary 4 to Theorem 2. 
t See op. cit., Chapter 7. 
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NOTE ON THE GREATEST INTEGER FUNCTION 
BY M. A. BASOCO 


1. Introduction. In this note we wish to record certain finite 
sums involving the greatest integer function E(x), which seem 
to be of some interest. Hermite* has shown that the generating 
function for E(x) has the simple form, 


b 


2) @ a 


where a, b are positive integers. To him is due, likewise, the 
development 


n+a-—b 
= 
(2) ( 2a )s 


where 
(3) E\(x) = E(2x) — 2E(x) = E(« +-) — E(x). 


As indicated by Hermite, these developments used in conjunc- 
tion with the expansions for certain theta quotients, yield re- 
sults of interest in the theory of numbers. Of particular im- 
portance are his results expressing some of Kronecker’s class 
number sums (which arise from certain theta constants of the 
third degree) in terms of E(x). 

In what follows we are concerned with the application of 
Hermite’s device to the twelve Jacobian elliptic functions and 
to the logarithmic derivatives of the theta functions. The re- 
sults implicit in these theta series are first elicited in a form 
which involves an arbitrary function, which, when specialized to 
be x’, yields relations between the sum of the rth powers of the 
divisors of the integer and sums of E(x) for certain values of 
the argument. For the analytical form of the series here used we 


* Hermite, Acta Mathematica, vol. 5, pp. 310-324; Oeuvres, vol. 4, pp. 
151-159. See also E. T. Bell, Algebraic Arithmetic, Colloquium Publications of 
this Society, vol. 7, p. 138. 
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refer to any standard treatise,* the corresponding arithmetized 
form being readily derived from them.f 


2. The Functions $;, ¢,, p;. Denote by F(x) any arbitrary 
function and let m range over the odd numbers 1, 3, 5,---, 
while m is unrestricted. We define the functions ¢; , 0; , p; as 
follows: 


(4) o:(x, n) = >> F(rx), n = tr. 
(5) o2(x, m) = (— 1/r)F(tx), m = tr. 
(6) o3(x, m) = (—1/r)F(2tx), on =tr. 
(7) oi(x, m) = >> (— 1)*F(2dzx), n= dé. 
(8) o2(x,n) = >> (— 1/r)F(rx), n = dr. 
(9) o3(x,m) = — >, (—1)**F(2dx), n = dé. 
(10) pi(x, n) = >, F(2tx), n = tr. 
(11) po(x, m) = >, (— 1)*F(2dz), n= di. 
(12) p3(x, = F(2dx), n= db. 


In each of the preceding, the summations range over the divi- 
sors d, 6, t, r of the fixed positive integers , m, the integer 7 
always being odd, and (—1|h) =(—1)“-"/? if h is odd. 


3. Sums in Terms of E(x). The following sums are deduced 
from the expansions of the functions 


sn cn dn 
ns cs ds 
nc sc dc 
nd sd cd, 


using Glaishier’s notation for the Jacobian elliptic functions. 
In our formulas, is a fixed arbitrary positive integer, u ranges 


over 1, 3,5, --- , while & ranges over 1, 2,3,4,---,m. 
(13) w) = Fu), 
2p 


* See, for example, Whittaker and Watson, Modern Analysis, 4th ed., pp. 
510-512. 

t See E. T. Bell, Messenger of Mathematics, March, 1924, pp. 169-172, 
§$4, 14. 


_ 
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(14) 0) = 


) Fu). 


In the left side of these expressions, uw ranges up to (n—1) or 
according as ” is even or odd. 


+k 
(15) > ¢3(x, k) = 
(k) (k) 
(16) > o:(x, k) = F(ux), 
(k) () 
(k) 


(k) 


n 
(19) Ea («, (=)rees), 


(k) 


(20) («, (=) Feta). 


(k) 


In (19) and (20) the index s ranges over such values of s Sm as 
will make n—s=1, mod 2. 


(21) > o2(x, k) = (—) £(~) Fis), 
(k) w) \ 
n+ 
(k) (k) 4k 
n+p 
(23) — s+1) = Fu), 
4p 
—1 
(s) B 2u 


In (23) and (24) the index s ranges over such values of s Sn as 
will make »—s=0, mod 2. 

The next results are deduced from the expansions of the loga- 
rithmic derivatives of the four elliptic theta functions. 


| 


1936.] GREATEST INTEGER FUNCTION 723 


(k) (k) 


k 
(26) (= 1)* "p(x, k) = (- 


(k) (k) 


(s) 2 (k) 


(s) 2 (k) 


In (27) and (28) the index s ranges over such values of s Sn as 
will make n—s=1, mod 2. 


4. Sums of Powers of Divisors of n. If in the preceding formu- 
las the function F(x) is taken to be x’, r a positive integer, we 
immediately deduce the following, where the notation is as 
follows: 

¢-(m) =sum of the rth powers of the divisors of n. 

¢/ (n) =sum of the rth powers of the odd divisors of n. 

¥,(m) =sum of the rth powers of the divisors of 2 whose con- 
jugates are odd. 

5,(m) =the excess of the sum of the rth powers of the divisors 
of m whose conjugates are of the form 4k+1 over the like sum 
for those whose conjugates are of the form 4k+3. 

5/ (n) =the excess of the sum of the rth powers of the (4k+1) 
divisors of n over the like sum of the (42+3) divisors of n. 

a,(n) =the excess of the sum of the rth powers of the divisors 
of whose conjugates are even over the like sum for those whose 
conjugates are odd. 

B; (n) =the sum of the rth powers of the even divisors of n 
diminished by the like sum of the odd divisors of n. 

8,(n) =)>(—1)¢d’, the sum extending over all the divisors 


d, 6 of n. 


4u 


724 


(31) 


(32) 


(34) 


(s) 


(37) 


(38) 


(s) 


(40) 


(41) 


(42) 


(k) 
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On the left side of these, u ranges up to (m—1) or m according as 
n is even or odd. 


(k) (k) 4k 


(k) 


(33) 


(k) 


w \ Qu 


(35) z(=) kr, 


2 4k 


(k) 


(36) = (-1)E, (=) kr. 


2 4k 


(k) 


In (35) and (36) the index s ranges over such values of s Sm as 
will make nm —s=1, mod 2. 


n+k 
k—-1 k-1 r 
r 1 
(k) (k) 4k 


(39) + 1) = 


—s+1)= (—)2(~*)w. 


(s) jw) \ 2u 


In (39) and (40) the index s ranges over such values of s<n 
as will make n—s=0, mod 2. 


¥-(k) = kr, 


(k) (k) 


+h 


(k) (k) 


| 
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(s) (k) 
(44) => kr 
(s) (4) 2k 


In (43) and (44) the index s ranges over such values of sn 
as will make »—s=1, mod 2. 


5. Conclusion. If in the expansion for dn we put x =0, we ob- 
tain 


(45) 920, -1= = 4d 


n=l 1 
where f() denotes the number of solutions of the equation 
(46) e+ y=n, x,y £0. 


From this it follows easily that 


k 
(47) f(i) + f(2)+f(3)+--- +f) = E, 
(k) 


so that 


n+k n+k—1 
tk 


Hermite, in a similar manner, has shown that 


(49) f(t) + f(2) + f(3) + --- + f(n) = (—) z(~). 


Hence, we have 


In a similar manner, 


32 (0, = qrg(n) = 40 
* 


(51) 


| 
| 
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where g(m) denotes the number of solutions of the equation (46) 
with x, y odd and 20. Noting that g(m) is zero unless n=2, 
mod 8, we obtain 


g(2) + g(10) + --- + g(8r + 2) 


(k) 4k—2 2k—1 


from which g(8r+2) could be obtained explicitly in terms of 
either E(x) or E(x). 
Lastly, since 


q” 
v¢(0,qg) -1=4 — 1)" 
(53) ( 1+ | 


1 
(#) i+ 
we obtain, 


h(1) + h(2) + h(3) + --- + h(n) 


(k) 4k 


where h(n) denotes the excess of the number of solutions of (46) 
with x, y of opposite parity over the like with x, y of the same 
parity. 

From (54) it follows that 


Ko 


Finally, it may be noted that a great many similar results are 
implicit in the expansions of the functions sn*u, cn*u, - - - . The 
complete set of developments for the cases k=3, 4 have been 
given by the writer in a former paper.* 


THE UNIVERSITY OF NEBRASKA 


* Téhoku Mathematical Journal, vol. 35 (1932), pp. 35-42. 
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CERTAIN NON-INVOLUTORIAL CREMONA 
TRANSFORMATIONS OF HYPERSPACE 


BY HARRIET F. MONTAGUE 


1. Introduction. The problem here presented was suggested 
by a paper by Maria Miglio.* A four page synthetic outline 
given there for S; has been enlarged upon and extended to S, in 
the present paper. 


2. Definition of the Transformation. A non-involutorial Cre- 
mona transformation in S, is set up as follows. A (1, 1) corre- 
spondence is established between the elements of a pencil of 
primals on a base 0; and the points of a rational curve f, of 
order n. A (1, 1) correspondence is also established between the 
elements of a pencil of primals on a base o2 and the points of f,. 
Any point P in S, determines with 0; an element of the first 
pencil and associated with this element there is a point A on 
fn. Associated with A there is an element of the second pencil 
on 02. The intersection of this element with the line AP gives P’, 
the image of P in the transformation. The inverse transforma- 
tion proceeds in a similar way starting with the pencil of ele- 
ments On 02. 

This transformation is examined as applied to the following 
cases: 


Case A. Pencil of primes on 0, pencil of primes on 02. 
Case B. (a) Pencil of quadric primals on 0, pencil of primes 
on 02. 
(b) Pencil of quadric primals on 0, pencil of quadric 
primals on 02. 
Case C. (a) Pencil of cubic primals on 0, pencil of primes 
on 02. 
(b) Pencil of cubic primals on 0, pencil of quadric 
primals on 
(c) Pencil of cubic primals on 0, pencil of cubic 
primals on 02. 
Case D. Pencils of primals of higher order with f, a line fi. 


* Maria Miglio, Nell’ S, una classe di trasformazioni birazionali, Catania 
Accademia Gioenia Atti, (5), vol. 18 (1932) [Mem. 19], pp. 1-22. 
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3. Case A. The transformation is a 7,2 and the inverse is of 
the same order. The locus of invariant points is the locus of in- 
tersection of corresponding elements of the two pencils, as is 
found in all the cases following.. The fundamental elements of 
the transformation are: 

(1) The n+1 points of f, through which pass the associated 
primes on 0;. Their images are the corresponding primes on 0». 

(2) The n+1 intersections of primes on 02 which pass through 
their associated points on f, with the corresponding primes on 
0,. Their images are the +1 primes on 02 which pass through 
their associated points. 

(3) The base o0,. Its image is the projection of a ruled surface 
of order n+1, containing 0; once, 0. ” times, from the common 
part of 0; and o2 as vertex. 

The residual intersection of two general homaloids, apart 
from the fundamental elements, is of order »+2. In S3, Crs 
has +1 points on 0;, one point on each of the simple funda- 
mental lines, and +1 points on f,. 


4. Case B. In using a pencil of quadric primals, the point 
associated with a particular quadric must lie on that quadric. 
If we have f, a part of the base of the pencil of quadrics, in 
S3, 2=1, 2, or 3;in S,, r>3, f, can be of any order. 

(a) A pencil of quadric primals and a pencil of primes gives 
T2n+3 With the inverse 

The image of the base of the pencil of quadrics, a manifold 
M,, is a primal. If M, does not contain f,, M, meets f, in 2n—1 
points. In S;, the image of C; is a surface of order 2n+5, con- 
taining 0. to multiplicity 2”+1. If f, is a line fi, f; counts once 
in the image of C,. On the other hand, if f; is a part of the base, 
the image of the residual C; contains 02 once and f; twice. 

Whether f, is a part of the base MM, or not, the point A lies 
on its associated quadric. In S; the two generators of the asso- 
ciated quadric which pass through A generate a ruled surface 
of order 2n+3 as A moves along f,. This Rens is a principal 
surface in the transformation. 

(b) Two pencils of quadric primals give a 72,4, with an in- 
verse of the same order. The properties of this transformation 
may be found in a manner similar to that of (a). 


5. Case C. When a pencil of cubic primals is employed, it is 
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necessary for a point of f, to be a double point on its associated 
primal. Then every other point of f, is a simple point of the 
primal. The transformation is possible only when f, is of order 
n=1, 2, 3. The discussion is given for S;, but the general work 
may be extended to S,, r>3. The author has made the analytic 
extension, but omits it here for the sake of simplicity. The prop- 
erties of transformations (b) and (c) may be found in a manner 
similar to that of (a). 

(a) A pencil of cubic primals and a pencil of primes in 53. 
T3n44; 

(1) m=1. T;; T='. In S;, the line f; is contained twice in the 
base of the pencil of cubic surfaces, since the surfaces of the 
pencil touch at every point of fi, leaving a residual C7. C; meets 
fi in 4 points. The image of each point of C; is a conic. The com- 
plete image of C; is a surface ji¢ which contains f, counted four 
times and 02 counted three times, that is, C7~j,¢ ; o# fi. 

The image of f; is f; itself. There are two points of f; through 
which pass their associated planes on 02. The images of these 
two points in the inverse transformation are the cubic surfaces 
associated with these points respectively. 

There are two plane cubic curves formed by the intersection 
of the two planes through their associated points with the corre- 
sponding cubic surfaces. These curves are part of the base of the 
pencil of cubic surfaces. The six lines on any cubic surface which 
can be drawn from the associated point A generate a ruled sur- 
face of order 8, as A moves along f;, and this Rg is a principal 
surface. Every plane through f; intersects Rg in a residual C3. 
The curve C; breaks up into the three lines joining in pairs the 
three points of C; not on f, in the plane. 

Two general homaloids of the transformation meet in a vari- 
able C;. The residual intersection is C/f/° 36; where y; and 4; 
are the two plane cubic curves mentioned above. 

(2) n=2. Tio; Te'. In S3, the conic fe counts twice in the 
base of the pencil of cubic surfaces, leaving a residual C;. The 
plane of f. meets C; in 5 points, all on fz. Cs~jid ; 025. 

The image of any point P on f2 is a conic passing through P 
and K, the intersection of 02 and the plane of f2, and through the 
three points of f. through which pass the associated planes on 02. 
The totality of these conics is the image of fe. The images, in 
the inverse transformation, of the three fundamental points of 
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fe are the corresponding cubic surfaces. The ruled surface, analo- 
gous to Rs of the previous case, is, in this case, Ru. 

(3) n=3. T13; Tz. In S3, fs counts twice in the base of the 
pencil of cubic surfaces, leaving a residual C;. The curve C; 
breaks up into three lines which are bisecants of f3. Cs~j¢ ; 02. 
The image of f; is of order 4, containing 02 twice. There are 4 
points on f; through which pass associated planes on 02. Their 
images are the corresponding cubic surfaces. The principal ruled 
surface in this case is Ry. 

(b) A pencil of cubic primals and a pencil of quadric primals 
give Tins, n=1, 2, 3, with the inverse 73,',;. 

(c) Two pencils of cubic primals give 73,46, m=1, 2, 3, with 
an inverse of the same order. 


6. Case D. If f, is taken as a line f;, it can be of any multi- 
plicity on a surface of any order. Consider a pencil of primals 
of order s on 0, and a pencil of primals of order ¢ on 02. Take f; 
such that a primal on 0; has an (s—1)-fold point at its asso- 
ciated point of f; and a primal on o2 has a (¢—1)-fold point at 
its associated point. Then a general point of f; is (s—2)-fold on 
every primal of the first pencil, and (¢—2)-fold on every primal 
of the second pencil. We obtain a 72,4; with the inverse Ty,. 

The locus of invariant points is, as before, the locus of inter- 
section of corresponding elements of the two pencils. In 53, the 
bases of the two pencils do not intersect. In S,, 7>3, they do, 
and any point on the common part is invariant under the trans- 
formation. 

In S;, the residual part of the base is C3,_2 meeting f; in 3s —5 
points. The image of C;,_2 is of order 6 plus the multiplicity of fi. 
If the elements of the second pencil are planes, Cs.-2~7se41; 
o# f,°*-*. If the elements of the second pencil are surfaces of order 
t, the cone joining C;,-2 to a point A on f; is met by the asso- 
ciated surface of the second pencil in a conical curve of order 
(3s —2)t, the image of C3,-2 for the particular surface associated 
with A. 

In S3, if f; is an (s—1)-fold line on the first base, the residual 
part of the base is C2,_;. There is one point of Cz,_; not on fi 
in every plane through f;. The image of C2,_: is of order 2 plus 
the multiplicity of fi. If the elements of the second pencil are 
planes, C2,1~jes ; 02. If the elements of the second pencil are 
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surfaces of order ¢, the image of C2,_, for a particular surface is 
a conical curve of order (2s—1)t. 

In S,, the image of any point on the base My or Mz isa conic. 
The lines joining points of M to a particular point of f, form a 
conical primal with a point vertex. It is met by the correspond- 
ing primal of the second pencil in a manifold M7j,22y or Mix?1y 


according as there is contact or not. 


UNIVERSITY OF BUFFALO 


NOTE ON SOME EQUATIONS WITHOUT 
AFFECT* 


BY SAUNDERS MACLANE 


A numerical equation of degree greater than 4 certainly can- 
not be solved by radicals if it is “without affect”; that is, if its 
Galois group is the symmetric group. Hence it is of interest to 
construct explicitly such equations.*“A number of such construc- 
tions have been developed,f many of them intrinsically related 
to certain prime-ideal decompositions. Hence the Newton poly- 
gon construction for prime ideals and the related Eisenstein ir- 
reducibility criterion are relevant, and can be used systemati- 
cally to give new proofs for several known constructions 
(Theorem 2) and for some new equations without affect (Theo- 
rems 1 and 2 and generalizations). The advantages lie in the 
uniform procedure and in the ease of the explicit construction 
of Theorem 1. 


THEOREM 1. Let p, qg, and r be rational primes and construct 
(1) f(x) = + + + --- + ay, (n 2 4), 


with rational integral coefficients a; such that: (1) each a; 1s dt- 
visible by r, but a, is not divisible by r?; (II) each a; ts divisible 
by q, and a, but not an 1s divisible by q?; (III) the highest power 
e; such that a; ts divisible by p* satisfies 


(2) ée=1, Ci — > — 


* Presented to the Society, April 10, 1936, and subsequently extended. 

7 Ph. Furtwangler, Ueber Kriterien fiir irreduzible und fiir primitive Glei- 
chungen und tiber die Aufstellung affektfreier Gleichungen, Mathematische 
Annalen, vol. 85 (1922), pp. 34-40. 
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fori=4,5,--.-,m. Then the Galois group of f(x), considered as a 
permutation group G on the roots of f(x), is the symmetric group.* 


The assumption I of the theorem is exactly the condition un- 
der which the Eisenstein irreducibility Theorem { asserts the irre- 
ducibility of f(x). Hence the group G is transitive. 

In the field R(a), obtained by adjoining to the rational field 
R a root a of f(x), certain prime ideal factors of a prime g may 
be found thus: Plot in a plane the points A;=(i, d;), where d; 
is the exact power to which a; is divisible by g. The convex 
broken line which joins Ap=(0, 0) to Ax, which has vertices 
only at certain of the points A;, and which passes above none of 
these points is the Newton Polygon of f(x). If a side A;A; of 
this polygon has a positive slope e/(j —7), with e prime to (j—7), 
then g is known to havet a corresponding prime factor Q in 
R(q@) such that g is divisible by Q*-‘ and no higher power, and 
a is divisible by Q¢ and no higher power. 

By hypothesis II the polygon for g has two sides AoA,_1 and 
A,-1A,. If Q is the prime ideal corresponding to the second side, 
then g=0 and a=0 (mod Q), g#0 (mod Q?). Hence the equation 


Si(x) = f(x)/(x — @) 


(3) 
gent + * + * + +h 


has coefficients 5; in the field R(a), 


(4) b; = at + aya*! + + + 4, 
(#=1,---,n—1), 


whence, by II, };=0 (mod Q). But a,_140 (mod Q?), so that 
b,-1#0 (mod Q?). Hence the Eisenstein criterion for the prime 
ideal Q in R(a@) applies to f:(x) and shows it irreducible. There- 
fore the subgroup of G corresponding to the field R(a) (that is, 


* This construction avoids the Cauchy-Sylow Theorem and the Tchebichef 
Theorem on the existence of primes between n/2 and n, thus simplifying a 
similar method due to M. Bauer, Ueber Gleichungen ohne Affekt, Journal fir 
Mathematik, vol. 132 (1907), pp. 33-35. 

7 B. L. van der Waerden, Moderne Algebra, vol. 1, p. 77. 

~O. Ore, Newtonsche Polygone in der Theorie der algebraischen Korper, 
Mathematische Annalen, vol. 99 (1928), pp. 84-117. 
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the subgroup leaving a =a; fixed) is transitive* on the remaining 
roots , Qn. 

To decompose ~ in R(a), form the Newton polygon for the 
points By>=(0, 0) and B;=(1, e;) representing the powers * in 
a;. By III this polygon has the sides B.B;, --- , B,_1B,. 
The last side B,_:B, has a slope e, —é,-1 and so corresponds to a 
prime ideal P with p=0 (mod P), »#0 (mod P?’), a=0 
(mod P*~*=-1), By (2) and (4), b,:=a+a,=0 (mod P). Further- 
more, for any 1>1, P* is the highest power of P dividing },, 
for in the expression (4) for 5; the first term is divisible by a 
higher power of P than the third term, while by (2) any other 
term a;a‘*~/ is divisible by a higher power of P than the subse- 
quent term a;,,a*—*'. Thus 5; is divisible by the power P* divid- 
ing the last term, and f,(x) satisfies with respect to P the analog 
of III. The argument can be repeated on f2(x) =fi(x)/(x—az), 
and so on. By choosing each time a prime ideal corresponding 
to the steepest remaining side of,the polygon, we finally ob- 
tain a prime ideal p in the field K =R(ai, - - - , @—2) such that 
the remaining factor of f(x), 


fn—2(%) = (% — — On) = + + Ce, 


has coefficients c, and cz in K divisible by p*! and p*?, respec- 
tively. Since e,2¢.=1, f,-2(x) is irreducible by the Eisenstein 
criterion. The group of f,-2(x) over K is therefore transitive, 
so that G contains a transposition (a@,-1, a,). This fact, coupled 
with the transitivity of G and of the subgroup of G leaving a; =a 
fixed, sufficet to make G the symmetric group. 

Conditions I, II, and III of this theorem specify essentially 
that r be a power of a prime ideal in R(a), that a factor of g in 
R(a:) be a power of a prime ideal in R(a1, a2), that a factor of p 
in K be a power of a prime ideal in K(a,_:). Other conditions 
can have the same ideal-theoretic effect. 


THEOREM 2. Theorem 1 remains valid when I is replaced by 


* Therefore any irreducible equation satisfying II is primitive. This proves 
a primitivity criterion due to Furtwangler, op. cit., p. 37. 

+ The proof is essentially that in van der Waerden, op. cit., p. 191. If p, g, 
and r are sufficiently large, Theorem 1 could also be established by a theorem 
of Wegner connecting the prime decomposition and the Galois group; U. 
Wegner, Zur Theorie der affektlosen Gleichungen, Mathematische Annalen, vol. 
111 (1935), pp. 738-742. 
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one of the following conditions; (la) f(x) is irreducible (mod r); 
(Ib) r ts a@ power of a prime ideal in the ring of polynomials 
R[x] modulo f(x). Likewise II or III may be replaced respec- 
tively by the alternatives 


(IIa) a, # 0 (mod gq), a2 =a; = --- =a, = 0 (mod g), 

a, # 0 (mod q’); 
(IIb) f(x) = $(x)(x — c) (mod g), irreducible mod q); 
(IIIa) f(x) = - - - (mod p), a, O (mod 
where x and the ;(x) are distinct irreducible polynomials (mod p); 
(IIIb) f(x) = - - - ve(x) (mod 9), 


where the ¥i(x) are distinct irreducible polynomials of odd degree 
(mod p), and (x) ts irreducible and of degree two (mod p). 


Conditions Ia, IIb, and IIIb combined give a construction for 
equations without affect due essentially to Bauer.* On the other 
hand, conditions I, IIa, and IIIa, with t=n—2, generalize a 
construction of Perron,t who avoided group theoretic argu- 
ments by using conditions on m—1 primes instead of on three 
primes, ~, g, and r. Other alternatives to conditions I, II, and 
III are possible. 

Proof. The alternative conditions will give the same proper- 
ties of the group G as did the original I, II, and III. Condition 
Ia immediately implies the irreducibility of f(x) and hence the 
transitivity of G. Condition Ib, by a generalization of the Eisen- 
stein criterion, yieldsf the same conclusion. 

We now use another prime ideal construction. If f(x) has a 
non-multiple irreducible factor ¢(x) (mod gq), then there is a 
prime ideal Q=(g, ¢(a)) in R(a) which divides g to the first 
power only.§ In particular, condition Ila gives f(x) =x"—1(x+<a) 


* M. Bauer, Ganzzahlige Gleichungen ohne A ffekt, Mathematische Annalen, 
vol. 64 (1907), pp. 325-327. Also in van der Waerden, op. cit., p. 191. 

¢ O. Perron, Ueber Gleichungen ohne Affekt, Sitzungsberichte der Heidel- 
berger Akademie, 1923, No. 3. 

tS. MacLane, The ideal-decomposition of rational primes in terms of abso- 
lute values, Proceedings of the National Academy of Sciences, vol. 21 (1935), 
pp. 663-667. 

§ O. Ore, loc. cit., Theorem 1, p. 99. 
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(mod g) and hence aQ=(g, a+a;). Thus a+a; and, by IIa, 
a2, , are divisible by Hence 


bs = at (a + a1) + + + --- + a; = 0 (mod Q), 
1,2,-++ 1), 


Since =a, and a,40 (mod g*), we have 5,140 (mod 
Consequently fi(x) in (3) satisfies the Eisenstein irreducibility 
criterion with respect to Q, and G is doubly transitive as before. 

Condition IIb gives a prime ideal Q=(g, a—c) in R(a), with 
fi(x) =(x) (mod Q). But Q is of first degree, so that the residue- 
class field of integers (mod Q) is identical to the field of integers 
(mod qg), and ¢(x) must thus remain irreducible (mod Q). Hence 
fi(x) is irreducible. 

From condition IIIa we prove by induction that the group G 
contains a transposition. If =2, f(x) (mod 9), 
a24%0 (mod p*), f(x) is irreducible by Eisenstein’s criterion and 
its group contains a transposition*interchanging the roots. For 
n>2, let h(x) be the irreducible factor of f(x) divisible by ¥(x) 
(mod p) and let a be a root of h(x). Corresponding to y there is 
a prime ideal P=(p, ¥:(a)) in R(a). The remaining equation 
fi(x) =f(x)/(x—a) will have a decomposition 


filx) = - - - 0,(x) (mod P), 


where each 9;,(x) is an irreducible factor of some ¥;(x) (mod P). 
If two 0,;’s were congruent mod P, then either y;(x) would have 
a multiple root (mod P), contrary to the fact that an irreducible 
polynomial over a finite field never has multiple roots, or else 
two factors ¥;(x) and y¥.(x) would have a root in common 
(mod P), which is impossible. Hence the 6;(x) are distinct and 
distinct from x, while },_,40 (mod P?). Thus f,(x) satisfies the 
same conditions with respect to P over R(a) as did f(x) with 
respect to p over R, and the induction assumption, which holds 
over any algebraic field, yields the required transposition in G. 

The treatment of IIIb is similar. Since ¥:(x) is of odd degree, 
the prime ideal P = (p, ¥(a)) has a residue-class field of odd de- 
gree over the field of integers mod p. Hence $(x), of even degree, 
must remain irreducible over such a residue-class field. The ir- 
reducible factors of :(x) (mod P) are factors of an irreducible 
polynomial over a normal extension field, hence have degrees 
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which are divisors of the odd degree of /;(x). Induction thus ap- 
plies, and gives, for »=2, =@(x), hence irreducible. 

This method of constructing equations without affect has the 
advantage of generality. Theorem 1 is true and the construction 
can be readily carried out if the a; are integers of any algebraic 
field, while p, g, and 7 are prime ideals in that field. More gen- 
erally, we can replace the primes by “absolute values.” A dis- 
crete non-archimedean absolute value* U of a field K is a func- 
tion such that, for any a in K, U(a) isa rational integer or +, 
with the properties 


U(ab) = U(a) + U(b); U(a + b) = min (Va, Ub). 


Since the Eisenstein irreducibility theorem and the Newton 
polygon construction generalize to such absolute values, we can 
state the following theorem. 


THEOREM 3. If the polynomial f(x) in (1) has coefficients a; in 
any field K, if f(x) is separable and if the conditions I, II, and III 
of Theorem 1 hold when Ua; (or Va;, or Wa;) takes the place of the 
power to which a; ts divisible by p (or q, or r), then f(x) is without 
affect over K. 


For example, if K = R(y:, - - - , ¥m) is the field of rational func- 
tions of m variables y:,---, ym with rational coefficients, a 
particular value U can be defined thus: Consider any irreduc- 
ible polynomial $(y1,---, ym), set Ug for any polynomial 
g(v1,- °°, ¥m) equal to the highest power to which g is divisi- 
ble by ¢, and set U(g/h) = Ug—Uh for any rational function 
g/h. Hence Theorem 1 remains true if the a; are polynomials in 
Vi, °°» Vm, While p, g, and r are three irreducible polynomials in 
the same variables. 


HARVARD UNIVERSITY 


* W. Krull, Idealtheorie, Ergebnisse der Mathematik und ihrer Grenz- 
gebiete, vol. 4, no. 3. 
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SIMILARITY OF MATRICES IN WHICH THE 
ELEMENTS ARE REAL QUATERNIONS* 


BY LOUISE A. WOLF 


1. Introduction. The purpose of this paper is to give a neces- 
sary and sufficient condition that for two matrices, A and B, 
of which the elements are real quaternions, there exist a non- 
singular matrix S whose elements are real quaternions such that 
SAS-'=B. The matrices A and B are said to be similar if such 
a matrix S exists. This paper defines a set of invariant factors 
for any such matrix, A, in terms of the ranks of certain real poly- 
nomials in A. 


2. Definitions and Notations. If A represents a matrix having 
m rows and m columns, then A’ (read A transpose) is the matrix 
A with the rows and columns interchanged so that A’ has n 
rows and m columns. 

According to E. H. Moore a set of & vectors 7;, each being a 
matrix having rows and one column, where n/ = (yi, --- , 
Yin), (4=1, 2,---, k), whose elements y;; are real quaternions, 
is left linearly dependent with respect to real quaternions if 
there exists a set of constants qi, which are real quaternions and 
not all zero such that = 9, (j=1,2,---,m). If no such 
set of real quaternions, g;, exists except g;=0, the vectors 7; 
are said to be left linearly independent. Similarly the k vectors 
ni are right linearly dependent with respect to real quaternions 
if there exists a set of constants, qi, which are real quaternions 
and not all zero, such that Digi =0, (j=1, 2,---, m). If 
no such set of real quaternions, q;, exists except g;=0, the vec- 
tors 7; are said to be right linearly independent. 

Moore considered the columns of a matrix, whose elements 
are real quaternions, as vectors and defined the rank, 7, of such 
a matrix, S, as the maximum number of columns of S which are 
right linearly independent with respect to real quaternions. He 
proved that if a matrix S is of rank r, then 7 is also the maximum 
number of rows of S that are left linearly independent with 


* Presented to the Society, September 13, 1935. 
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respect to real quaternions. He further defined a matrix S to 
be non-singular if the rank equals the order and proved that for 
every non-singular matrix S there exists a matrix S~' such that 
SoS=SS =I. 


3. A Correspondence. The algebra of complex quaternions is 
equivalent to the total complex matric algebra of order 4.* A 
matrix <4 corresponds to a matrix A ,e4~A, where the elements 
of A are real quaternions, if -4 is obtained from A by the re- 
placement of each element of A by a 2X2 matrix obtained from 
the relations as given by Dickson. The elements of <4 are in 
the complex field and ¢4 is of order 2n if A is of order n. 

In the following theorems and definition A is a matrix in 
which the elements are real quaternions. The minimum func- 
tion of A in the field of real numbers, R, is the polynomial of 
lowest degree, g(A), in which the coefficients are real and the 
leading coefficient unity such that g(A)=0. The following 
theorems can readily be established.f 


THEOREM 1. The minimum function of A in the field R is 
unique. 

THEOREM 2. If cA~A, then the minimum function of A in R 
is also the minimum function of cA in R. 


THEOREM 3. If A is non-singular, then A is non-singular and 
conversely. 


THEOREM 4. A necessary and sufficient condition that A which 
corresponds to cA be similar to B which corresponds to B is that 
there exist a non-singular matrix § with elements in the complex 
field such that SAS— = B. 


4. A Special Type of Matrix with Elements in the Complex 
Field. If -A is a matrix obtained from A by the replacement of 
the real quaternionic elements of A by 2X2 matrices by means 
of the correspondence of § 3, then ¢e4 has the following proper- 
ties. 


* See L. E. Dickson, Linear Algebras, p. 13. 
+ The proofs omitted in this article may be found in a thesis for the doc- 
torate which is on file under the same title at the University of Wisconsin 


Library. 
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THEOREM 5. The determinant of cA is real. 


THEOREM 6. The determinants of the kXk minors of (A—dI) 
are real or occur in pairs that are either conjugates of one another or 
negative conjugates. 


THEOREM 7. The invariant factors of (A—XI) are real. 


5. A Comparison of the Ranks of A and <A. The statements 
given in this paragraph concerning the rank of matrices with 
quaternionic elements are taken from the Lectures of E. H. 
Moore: The vectors Nis where ni = (64, 5:2, bin), @= iv 

- ,m), and where 6;;=0 for 7+ and 6;;=1, form a base with 
respect to quaternionic coefficients for the vector space of which 


n is an element, where 7’= (qi, gz, Qn), and where the 
are real quaternions. If a set of k vectors, such as ;, where 
ni = (ga, Gin); 2, k), is right linearly in- 


dependent with respect to real quaternions, it is always possible 
to complete the base for the vectér space by adding ”—& right 
linearly independent vectors such that all m vectors are right 
linearly independent with respect to real quaternions. The rank 
of a matrix A whose elements are real quaternions is n—s if s 
is the maximum number of right linearly independent vectors 
ni such that An;=0, (¢=1, 2,---,5). 

In considering the rank of the matrix e4 which corresponds to 
the matrix A, it is convenient to consider the columns of these 
matrices as vectors. Let A =(m, where n/ =(gi, 

If -A~A, then A = - - , Sen, San), Where £23) 
and the elements of £; are in the complex field C. 


THEOREM 8. Jf the rank of A is k, then the rank of eA is 2k. 


If A is of order x, then e/ is of order 2n. Suppose that the 
rank of A is n, then A is non-singular and ¢4 is also non-singular 
due to the equivalence and hencec/ is of rank 2n. If A is of rank 
zero, 7;=0 and hence £;=0 and -4=0. Therefore <4 is of rank 
zero. 

Suppose A is of rank k, where 0<k<n, then the following 
consideration shows that <4 is at least of rank 2k. Take k right 
linearly independent columns of A and designate them as 
Mk Take fe, of ef so that Ni 
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~ (€i-1, & 2). Complete a base for the vector space n; by adding 
Mn tOm, , Let arse, , Sent, Son bE 
the vectors that correspond to ni41,°--,.- Then B=(m,---, 
Nk Mest, * Mn) and B= (kj, Eo, * , Eee, 
fon-1, an) are both non-singular matrices. B is non-singular by 
construction and B~B. Thus 8 is of rank 2m and &, &,---. 
fox-1, are linearly independent. But £1, &, - - - , ex-1, are 
columns of e4 and hence <4 has at least 2k linearly independent 
columns and the rank of <4 is equal to or greater than 2k. 

We can also prove as follows that the rank of ¢4 is equal to 
or less than 2k. Suppose A is of rank k=n—r, where r<n. 
Then there exist 7 right linearly independent vectors 7; #0 such 
that An;=0, (¢=1, 2,---, 17). Because of the correspondence 
there are 2r right linearly independent vectors £:, &,---, 
£s,-1, £27 such that we have -4£;=0, (¢=1, 2,---, 2r), where 
nim (Eoi-1, £2:),(@=1, 2, --- , r). The linear independence of the 
2r vectors, £;, was established in the first part of the proof of 
this theorem. But if 27 linearly independent vectors, £;, exist 
such that -4£;=0, then the rank of <4 is less than or equal to 
2n—2r; that is, the rank of <4 is less than or equal to 2k. Hence 
the rank of ¢4 is 2k if the rank of A is k. 


6. Similarity of Matrices Whose Elements Are Real Quater- 
nions in Terms of Invariant Factors of These Matrices. The 
matrix 4, which corresponds to A of order 1, is a matrix of 
order 2n with elements in the complex field, C. The irreducible 
factors of |e4—dI | are of the form (A—a;), where the a; are in 
C. If r;; is the rank of (4 —a;I)i and rio=2n, it can be seen from 
the classical canonical form for «4 that 17;;=2n 
where i; is the number of invariant factors that contain 
(A—a;)'. The set of positive integers rio—rn2ra—rieZri2 
—?f32--- is monotonic non-increasing. If 
+1741, then (A—a;)/ appears among the elementary divisors of 
(A— XI) a number of times equal to e;; and the first invariant 
factor is obtained by taking the product of the highest powers 
of (A—a;) which appear among the elementary divisors; the 
second invariant factor is obtained by taking the product of the 
second highest powers (A—a;), and so on. 

A second method of defining the invariant factors of ¢4—\J) 
will be given which uses the fact that all the invariant factors 


: 

: 

} 

i 
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of are in the real field, R. Let f:(A), fe(A), -- , 
be the irreducible factors of |e4—AJ| =f(A) in R. Let w;; be the 
rank of [f;(4) and wio=2n. 

It can easily be established that w;;=2n —DF_ mits, where 
us: is the degree of f;(A) and #; is the number of invariant 
factors of @4—2J) that are divisible by [f;(\)]', where the 
invariant factors of (4—)J) are defined in terms of the ele- 
mentary divisors in the conventional manner. It was previously 
proved that f(A) is in the real field and hence the irreducible 
factors f;(A) of f(A) in R are either linear or quadratic. The 
two cases are considered separately as follows: 

Case 1. Suppose u;=1, then f;(A) =A—a;, where a; is real. 
It is clear that in this case w;;=7;;=2n— where ¢ is 
the number of invariant factors divisible by (A—a;)! as before. 

Case 2. Suppose u;=2, then f;(A) = (A—a;)(A—&;), where a; 
is complex. All the invariant factors of @4—2J) are real, hence 
(A—a,;)* and (A—&,)* are divisors of the same invariant 
factors when the complex field is considered and therefore* 


wis = In — =2n—)> 


Thus w;,=2n—- where y; is the degree of f(A). 
Wi — >Wi2— Wiz, - - - , is a set Of monotonic non- 
increasing positive integers. 

Let m;; — Define the characteristic divisors 
of @A—XIJ) to be the polynomials [f,;(A)]*, where [f,(A)]* ap- 
pears a number of times equal to m;x/p. 

The invariant factors of @4—XJ) are defined to be in turn 
the product of the highest powers of the f;(A) appearing among 
the characteristic divisors, the product of the second highest 
powers of the f;(A) appearing among the characteristic divisors, 
and so on. 

The elementary divisors of @4—XJ) are the distinct linear 
factors of the characteristic divisors raised to the powers to 
which the characteristic divisors occur. 


THEOREM 9. The invariant factors of ~A—XI) as defined in 
terms of characteristic divisors are the same as those defined in the 
conventional manner. 


* See Menge, this Bulletin, vol. 38 (1932), pp. 88-94. 


t 
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If [f:)]*=(—a,)*, where a; is real, [f(\)]* appears mi 
times among the characteristic divisors of (4—dJ), where 
and wy.=2n Ji? and hence 

If where a; is complex, [f; 
appears m;,/2 times among the characteristic divisors of 

In this case = 2n and hence mj, = 24; — 
if the last two equations are combined. The invariant factors by 
the original definition are also real and if (A—a;)* appears ex 
times among the elementary divisors, (\A—&;)* also appears e;: 
times and thus f;(A) = (A—a;)*(A—&,;)* appears e;, times, where 
—t;@*», and it is evident that mj, =2e;x. 

This is sufficient to establish the theorem because the invari- 
ant factors defined in terms of characteristic divisors will be the 
products of the same factors since (A—a;)* appears the same 
number of times among the characteristic divisors as it appears 
among the elementary divisors. 

To consider A whose elements are real quaternions, let g(A) be 
the minimum function of A in R and let f;(A) be the distinct 
irreducible factors of g(A) in R. Let p;; be the rank of [f,(A) ]é 
and define pio to be m. Then 

Let €;=p;;-1—2pi;+pijs1 and let [f;(\)]* appear among the 
characteristic divisors of A a number of times equal to 2€;:/p;, 
where yp; is the degree of f;(A). 

The invariant factors of A are defined to be in turn the prod- 
uct of the highest powers of the f;(A) appearing among the 
characteristic divisors, the product of the second highest pow- 
ers of the f;(A) appearing among the characteristic divisors, 

- , in a manner analogous to the above definition in terms of 
the elementary divisors. 

Theorem 4 proves that A is similar to B if and only if the 
matrices and 8 are similar, where and B~B. is 
similar to 8 if and only if the invariant factors of (B—dJ) and 
(A—XIJ) are the same. The invariant factors of A as defined 
above are the same as the invariant factors of @4—2J). This is 
evident when it is recalled that the rank of f;(@4) is 2k if the rank 
of is k, and hence m,,=2¢;,. Furthermore, A and have 
the same minimum function in R, namely, g(A). The distinct 
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irreducible factors of f(A) =|e4—AJ| in R are likewise the dis- 
tinct irreducible factors of g(A), the minimum function of ¢4 in 
R. Thus the characteristic divisors of @7—AJ) and A are the 
same and hence their invariant factors are the same. The same 
is true of (B—AJ) and B because B~B. The following theorem 
has thus been established. 


THEOREM 10. A is similar to B if and only if the invariant fac- 
tors of A are the same as the invariant factors of B. 


Tue UNIVERSITY OF WISCONSIN 


THE THEOREM =.pg=p” AND 
HUNTINGTON’S RELATION BETWEEN LEWIS’S 
STRICT IMPLICATION AND BOOLEAN 
ALGEBRA 


BY TANG TSAO-CHEN 


In this Bulletin, vol. 40 (1934), p. 729, E. V. Huntington 
pointed out that the relation called “strict implication” in C. I. 
Lewis’s system of logic can be shown to be substantially equiva- 
lent to the relation called subsumption in ordinary Boolean alge- 
bra. His main result is as follows: 

Whenever we find the formula “p-3q” asserted, we may there- 
upon write down the formula “p= q”; and conversely, when- 
ever we find the formula “p= gq” established, we may write 
down that the formula “p-3q” is asserted. 

That is, Huntington’s relation is 


(“p-3q” is asserted)=(“pqg =p” is established). 
This relation is not the same as the following theorem: 


pb = =F, 


where “=” takes the meaning of logical equivalence given in 
Lewis’s Symbolic Logic. 

This theorem being not explicitly mentioned in Lewis’s Sym- 
bolic Logic, I shall prove it here. 

Throughout this paper we shall follow Lewis’s practice of ig- 
noring the distinction, which is characteristic of Huntington’s 


| 

| 
| 
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paper, between “p” and “p is asserted.” Our Theorems 1, 2, 3, 4 
correspond to Huntington’s 15, 16, 17, 21; and our 7 corresponds 
to Huntington’s Z*. 

Starting from Lewis’s system of postulates, we can establish 
the following theorems (the references are to Symbolic Logic by 
Lewis and Langford and to theorems here): 


1. p~p=a~@ 

[11.02] prp3q~gq. 
(1) 

[12.11] ~ol(p~p) 
(2) 

[19.57, 12.15] [(p>~~) ~(¢q~Qq)] = (3) 

[(1), (2), (3)] (4) | 

[11.02] (5) 


[(4),(5)] p36. = .p~p3a~qQ (6) | 
[11.03, 11.2, (6)] (7) | 
[12.1,(7)] p~p3q~q (8) 
[(8)] (9) 


[(8), (9), 11.03] pr~p=qr~g. 
From this last theorem, if we define 0 by 


where g is any particular proposition, we obtain the following 
general theorems containing 0: 


2.p~p=0. 
3. p0 =0 
[19.57, Def. of 0] p0 = 0. 


Let us now define i by the relation* 


* This definition of i may be replaced by 1=.0=0, and therefore i means 
simply the identity 0 =0. But, by 5, it may easily be proved that i= .p=p. 


| 
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Then a group of theorems containing i is obtained: 
4. pq3p. 
[11.02] pg 3p. [(¢q) 
[12.5] (pq) ~ = (qb) ~ = ~ D) 
[2.,3.,(2)] =0 
[(1), (3)] pg3p.=.~90 
[(4), Def. of i] pa 3p. =i. 
5. p 3p. =1 
[4.] pp rp. =i 
[12.7,(1)] =i. 
6. 3% 
[19.6] 3 .p03 
[3.,(1)] 3.030 
030. =i 
[(2), (3)] p39. 32. 
7.p3q.=1.p3¢4 
[19.6: | (6 3 |b, (6 3 9) Ir] 
£39. 
[6.,(1)] 3 
[12.7] p3q.=:p 39.34 
[(2),(3)] p3q¢.3 
[12.17] i.p 
[(4), (5), 11.03] p3q. = 
Lastly, we obtain the required theorem: 


8.p3q.=.p9=P 
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(1) 
(2) 
(3) 
(4) 


(1) 


| 
(1) 
(2) 
(3) 
| (1) 
(2) 
(3) 
(4) 
(5) 
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[19.63] p32pq. = .prp.p3q (1) 
[(1),5.] p3pg. = (2) 
[(2),7.] = .p3¢ (3) 
[11.03] po=p. = (4) 
[(4),4.] pg=p. = 3 (5) 
[(3),(5)] pg=p. (6) 
[(6),7.] pg=p. = .p 3g. (7) 
[i211] = (8) 


[(7), (8)] = 


Huntington’s relation may also be deduced from the above 
theorem. For, from 8., we have 


p3q.3-pg=h (a) 

pg =p. 3 .p3q (b) 

If p-3¢ is asserted, then by (a) and the Rule of Inference, 
iqa=p may be asserted. That is, 

(p -3 g) is asserted — (pg = ) is asserted. (c) 


Again, if g=q is asserted, then by (b) and the Rule of In- 
ference, p-3g may be asserted. That is, 
(pq = p) is asserted — (p -3 qg) is asserted. (d) 
By (11) on page 730 and (a) and (b) on page 731 of Hunting- 
ton’s paper, our “(pg=) is asserted” is equivalent to his 
“(pq~P) is asserted,” which in turn is equivalent to his “(pg = p) 
is established.” So (c) and (d) together give Huntington’s rela- 
tion, 
(p -3 g) is asserted = (pg = ) is established. 


NATIONAL Wu-Han UNIVERSITY, 
WucHanc, CHINA 
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ON THE DETERMINATION OF EARTH CONDUC- 
TIVITY FROM OBSERVED SURFACE 
POTENTIALS* 


BY R. E. LANGER 


If a direct current is supplied to the earth through a small 
electrode, a distribution of electrical potentials over the sur- 
rounding surface of the earth is produced. The variation of 
this potential with the distance from the electrode depends upon 
the manner in which the conductivity of the earth below the 
surface varies with the depth, the calculation of the potential 
when this conductivity is known being possible by familiar 
methods. From the standpoint of geophysics, however, it is 
most frequently the converse problem which is important. The 
surface potential is accessible, and is therefore at least theoreti- 
cally measurable. From it the unknown subterranean con- 
ductivity is to be deduced. The discussions of this problem 
which are to be found in the geophysical literature have almost 
without exception been based upon considerations of the trial 
and error type. The potentials associated with a suitable set of 
hypothesized conductivities are computed, and by fitting ob- 
served potentials to these, as best may be, inferences about the 
unknown conductivity are sought. 

A direct method, on the other hand, has been given recently 
by L. B. Slichtert and the present author.{ It is assumed (as 
has generally been done) that the conductivity is a function 
only of the depth, and the Taylor’s series expansion of this func- 
tion is deduced from the surface potentials. The problem may, 
therefore, be regarded as solved whenever the conductivity 
function is one which is represented, at least to the depth in 
question, either by its Taylor’s series directly or by analytic 
extensions of the same. The present paper is intended to extend 
the deductions to the case in which either the conductivity 


* Presented to the Society, April 10, 1936. 

tL. B. Slichter, The interpretation of the resistivity prospectinz method for 
horizonial structures, Physics, vol. 4 (1933), p. 307. 

~R. E. Langer, An inverse problem in differential equations, this Bulletin, 
vol. 39 (1933), p. 814. 
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or its derivative shows a discontinuity within the depth range 
to be explored. Such discontinuities are evidently to be asso- 
ciated with stratifications of the earth’s crust, and for their 
analysis the previous method, based as it is upon the use of 
power series, obviously requires extension. It is to be shown how 
such extension can be made, namely, how both the location 
and magnitude of the first discontinuity may be determined. 

If the region of the earth in proximity with the electrode is 
idealized as an infinite half-space, the line of the electrode is 
a line of symmetry, and the cylindrical coordinates (p, x) (radial 
distance from the electrode, and depth) are clearly advanta- 
geous. Referred to them, the potential ¢ satisfies the differential 
equation 


(1) 


? 


2, 2 
Op? p Op 0x? dx 
in which o(x) represents the unknown conductivity.* The analy- 
sis of this equation may be made along familiar lines. The sub- 
stitution ¢= U(p)-u(x) leads to a Bessel’s equation for the 
radial component U(p), and gives for the depth component u(x) 
the differential equation 
o’ (x) 
(2) u” + —u' —du =0, 
in which d is a positive parameter. The conditions that the po- 
tential be everywhere finite and non-increasing, and that both 
the potential and the current be continuous, dictate for U(p) 
the choice Jo(Ap). For u(x) they determine that continuous 
solution u(x, X) of the equation (2), which for every positive \ 
is a non-increasing function of x, and for which o(x)ug (x, d) is 
continuous. The existence of just one such solution may be in- 
ferred from the fact that o(x), by its nature, is positive for all 
values of x. Finally the condition that 0¢/dx be zero at the 
earth’s surface, except at the electrode, may be made to yield 
the formula 


© sin tto(x, d) 


* Many details which are here omitted are to be found in the papers cited. 
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in which c represents the current and a the radius of the elec- 
trode. If the function Q(A) is now defined in terms of the solu- 
tion u(x, X) specified above, by means of the formula 


Auo(0, d) 
ug (0, d) 
the surface potential is clearly given by 


(3) 2A) = 


ba sin Aa 
$(p, 0) = f a(n) 
0 


2x0(0) ha 


Since this formula is invertible into 
Q() = f $(p, 0)Jo(Ap)pdp, 
csinXa Jo 


it is clear that a knowledge of the surface potential is co-exten- 
sive with a knowledge of 2(A). The latter may, therefore, be used 
in place of the former as a basis for the further considerations. 

From the asymptotic expansion of the function Q(A) a power 
series in x which is formally the Taylor’s series of o’(x)/a(x) is 
deducible. This series, together with such analytic extensions 
of it as may exist, defines a function s(x) over an interval, say 
0<x<H, and from this in turn a function o;(x) is determined 
through the formulas 


for OS «SA, 
oi(H), for H < x. 


The possibility or the feasibility of the computation of o:(x) 
may be regarded as the factor limiting the constant H, and H 
represents the depth to which the “exploration” applies. It 
will be clear at once that if the true conductivity o(x) is repre- 
sentable over the interval (0, H) by means of power series, it 
necessarily coincides with o,(x), and its determination over the 
interval is in consequence completely covered in the discussions 
cited. In proceeding, therefore, it will be assumed that the coin- 
cidence of o(x) and o;(x) ceases before the depth ZH is reached, 
that is, specifically, 


(4) = { 


= o,(x), for OS x<h< dG, 


(5) , 
o(h+) = wo(h-), o'(h+) = vo'(h-), 
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the constants yp, v, being positive and not both unity. The 
solution u(x, A) by virtue of its specification then satisfies in 
particular the relations 


(6) A) = uo(h+, d), ug (h-, = (h+, d), 


and the entire problem crystallizes into the determination of the 

constants h, p, and v. 
Let the function o;(x) be looked upon now as a hypothetical 

conductivity. Then, in the manner outlined above it is associ- 

ated with the function 


— d) | 


(7) 2,(A) = (0, d) 


with v(x, A) representing the non-increasing solution of the 
differential equation 
(8) 
o;(x) 
Since ¢;(x) is continuous, the same is to be the case with 
vo(x, A) and vg (x, A), and since o;(x) is known the function (7) 
is computable. 
Let v:(x, A), ve(x, X) designate the principal solutions of the 
differential equation (8) relative to the origin, that is, those for 
which 


2,(0, A) = 0, vi (0, A) = 1, 
22(0,A) = 1, vz (0, A) = 0. 
Then the functions (3) and (7) are expressible in the forms 
AW (uo, AW (2, 
Wea. 
W (uo, 02) W (v0, 02) 


in which W denotes the Wronskian, that is, 


and in which any x on the range (0, h) will serve in the evalua- 
tion of QA), while any x on (0, H) serves in the case of 9;(A). 
To verify these assertions it is necessary only to observe: firstly, 
that v(x, X), v2(x, A) are also solutions of the differential equa- 
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tion (2) when x is on (0, h); secondly, that the formulas (9) are 
obviously correct when the right-hand members are evaluated 
at the origin; and lastly, that the ratios of Wronskians involved 
are constants as to x on the intervals stated. Since 


a(0) 


W (22, 1) (x) 


on (0, Z), 


it is found that 


o(h-)W (uo, 02)W (00, 02) 


The evaluation of the right-hand member of this relation hinges 
now upon a determination of the functional forms of the several 
solutions which are involved. 

When d is large and x is on an interval on which o(x) is con- 
tinuous the solutions of the differential equation (2) are known 
to admit of asymptotic representations with respect to X. 
Specifically they may be represented in the form 


u(x, r) = af + BF_(x, 0), 


in which a;, 8; are appropriate constants, while 


F.(2, 0) = 14 


with 


Moreover, 


F,(0, c) = 1, 


Under corresponding conditions the solutions of the differential 
equation (8) may, of course, be similarly written 


0;(x, A) = 01) + 6F_(x, 01). 


| 
| 
| 
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Consider now any interval, hS&xSh+e, on which o(x) is 
continuous. On this, as on any interval, u(x, A) is non-increas- 
ing. Since F,(x, ¢) is an increasing function, and since it 
dominates the function F_(x, a) for any x>0, it must be in- 
ferred that the coefficient a» is sufficiently small to make the 
term in question asymptotically negligible. Thus 


uo(x,rA) = F_(x,r) on (h,hk+ 6), 


and hence 


ug (h+, = - o(—)} uo(h+, d). 


In virtue of the relations (5) and (6) this may be written 


2o(h-) 


An entirely similar consideration, in which it is recalled, how- 
ever, that o1(x), vo(x, A), and vg (x, A) are continuous, leads to 
the corresponding formula 


{- +0(—)\ (h-, d) | 
20(h-) 


Finally the relation 


. 2 (0) 


2 2ho(0) 


is directly verifiable on the basis of the definition of v2(x, X). 
However, the second term of this expression is asymptotically 
negligible in the presence of the first. It follows that 


1 
h-) 


{ 
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With the results (11a), (11b), and (11c) at hand, the evaluation 
of the right-hand member of the relation (10) is now immediate. 
It is found thus that 


2(A — 
(A + 1)(B+ 1)’ 


+0(<) 
x2)’ 


a formula which is more conveniently written according as 
+1 or w=1 in the appropriate one of the following forms. 
That is, if 


2,(A) — 2A) = 


where 


and 


1 > | 
log — aay] = — log ( ) 


uti 


(12) 
— 1)o’(h-) o’(0) )]- of 1 =) 
AL(u? — 1)e(A-) 
and if u.=1, 
log [2,(A) — 
(13) 


The analysis of these results may now be outlined very 
simply. The function Q(A) is to be regarded as known from the 
experimentally determined surface potentials. From it the func- 
tions ¢;(x) and 2,(A) are successively computable. The left-hand 
members of the relations (12) and (13) are, therefore, at hand. 
Let the values of (12) be plotted against \. Then if the resulting 
graph shows a rectilinear asymptote, it follows from the signifi- 
cance of the respective terms on the right of (12) that the slope 
and intercept of this asymptote are respectively equal to —2h 
and to log [(u—1)/(u+1)]. Hence the graph serves to deter- 
mine the constants / and uw. An analysis of the distance between 


— 
| 
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the graph and its asymptote would clearly give the value of v. 
If, on the other hand, the graph in question shows no asymp- 
tote, that fact signifies that u=1. In that case the left member 
of (13) is to be plotted. Since v is now not equal to unity this 
graph will show an asymptote, the slope and intercept of which 
determine h and 
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A SERIES OF INVOLUTORIAL CREMONA SPACE 
TRANSFORMATIONS DEFINED BY A PENCIL 
OF RULED CUBIC SURFACES* 


BY AMOS BLACK 


1. Introduction. A series of involutorial Cremona transforma- 
tions of space were defined by Snydert by means of a corre- 
spondence between the surfaces of a pencil of ruled surfaces and 
the points of a rational curve, called the director curve. The di- 
rector curve was a part of the basis of the pencil and two of the 
chief characteristics of the transformation were: one of the prin- 
cipal surfaces was a ruled surface R, all of whose generators were 
parasitic lines; all the tangent planes of the surfaces of the homa- 
loidal web along a certain curve were fixed, being determined by 
the surface R. 

In this paper we shall define a series of transformations by 
means of a correspondence between the surfaces of a pencil of 
ruled cubic surfaces and the points of certain rational curves. 
The director curve is not part of the basis of the pencil; one of 
the principal surfaces is a ruled surface R, all of whose genera- 
tors are parasitic lines; all the surfaces of the homaloidal web 
have fixed tangent planes along a certain curve, but none of the 
fixed planes are determined by R. 


2. Definition of the Transformation. Given a pencil of ruled 
cubic surfaces | F;| whose basis curve consists of a double line d 


* Presented to the Society, September 13, 1935. 

f Virgil Snyder, On a series of involutorial Cremona transformations of space 
defined by a pencil of ruled surfaces, Transactions of this Society, vol. 35 (1933), 
pp. 341-347. 
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' and a rational space quintic curve 5s which has d for a quad- 
risecant; also, given a rational space curve fm, of order m, which 
meets d and 65 in m—1 and m-+-1 points, respectively; then a 
general surface F; of the pencil meets 7,, in 3m—1 fixed points 
and in just one general point O. Thus there is a (1, 1) corre- 
spondence between the surfaces of | F;| and the points O of rm. 
We define F;:0 and O as associated surface and point. 

A point P(y) in space will determine a unique surface F; of 
the pencil, hence a unique point O(z) on 7,. The line PO meets 
F; in P, O, and one other point P’(x), which is defined as the im- 
age of P. Then on each line of the complex of lines meeting 7, 
lies a pair of points P, P’ in involution. 

We shall discuss the case where m =2 in detail, and then in- 
dicate results for m general. 


3. Equations of the Transformation. Let the equations of d and 
be 


(1) d: x3=0, ~%=0, 
(2) fe. = 0, = 0. 
Then D= [r2, d] =(1, 0, 0, 0), and any point on rz can be repre- 
sented by 
(3) O(z) = O(21, Ze, 23, 24) = (A*, 0, Aw, 
Let the pencil of surfaces | F3| : d?5s be 
(4) uF (x) — AF’(x) = 0, 
where X, uw in (4) is the same as in (3). If F(O):0O, then 
F(x) = [ag + + bf x3 + (bs + af — by) x4] x? 
+ + boxe + (bf + ci) xs + 
+ + come + 
F’(x) = [a2’ xe + a3’%3 + x4] xe 
+ bd x2 + bj x3 + 
+ [ef + cf + (61 + + ch 
Denote by A, B, Cand A’, B’, C’ the coefficients (containing x: 


and xz only) of x#, xsx4, x? in F(x) and F’(x), respectively, 
(that is, A =ajx,+a2x.); and by a, 8, y the determinants 


(5) 
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|Bc’| =BC’—B'C, |AC’|, |AB’|; 


and let 
B=A'x? 
Any point on the line joining P(y) to O(z) has coordinates 
(6) Xi = pyi (¢ = 1, 2, 3, 4). 
The value of p/o for P’(x) is given by 
(7) uF (py + oz) — AF’(py + oz) = 0. 


Since P is on (4) and O is on rm, we find 
(8) pluF(z, y) — AF’(z, y)] + o[uF(y, 2) — AF’(y, 2)] = 0, 


where F(y, z), F’(y, z) are the first polars of F(y), F’(y) with 
respect to (z), and F(z, y), F’(z, y) are the first polars of 
F(z), F’(z) with respect to (y), and A/u=F(y)/F’(y). Hence 


¥ Ky’ 
where 
(9) Lig F'(y)F(y, 2) F(y)F’(y, 2), 


Ku = F'(y)F(, y) — F(y)F'(, 9). 

However Lis and Ku are factorable, and 
(10) Ku = R.Kz, Le = R,F'Ly, 
where F’ = F’(y) and 

Ry = — ysF’, Ki = + 2Bysys + ay?) + Fry), 
(11) Ly = ule + Fo(y), 

Le = (Ay + A’B)y? + (AB + A’a + By + BB)? 14 

+ (BB+ Bla + Cy + C'B)ysy2 + (CB + 

and where F;(y), Fs(y) are terms containing ys, y, to higher de- 


gree than 4 and 5, respectively. On removing the factor R,, the 
involutorial transformation is therefore expressed by 


(12) In: ¥iF’Ly Kx, (i = 1, 2: 3, 4). 


It is evident from equations (12) that K;=0 is the surface 


| 
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of invariant points, that L»=0 is the image of rz, and that F’=0 
is the image of D. 


4. Images of the Fundamental Elements. Through a general 
point O of rz passes a generator g of F(O). If P is any point on 
g, since PO lies on F(O), then P’ is indeterminate, and the line g 
is parasitic. As O traces re, the line g generates the surface R,=0. 
Since all the generators of R, are parasitic lines, the surface 
should appear as a factor of the transformation, as we have seen 
from (10). 

Consider a general point P on d. It remains invariant on 
every F(O) of the pencil, except when PO is a generator go on 
F(O), hence a generator of R,. Thus the total image of d is Rx. 

Since D is a double point on F(D) =F’, every point of F’ is 
transformed into D, hence D~F’. 

The tangent plane of F(O) at O intersects F(O) in a generator 
Zo and a conic ¢:0. Every point of cz is transformed into O, 
hence O~c:. As O traces rz, the cz generates the surface L,=0. 
The point O is invariant in the direction of the tangent of ¢2, 
hence Ly, and K; are tangent along re. 

On every generator of the rational cone with vertex P on 5; 
and standing on fr: is one point P’, the image of P. The locus of 
P’ is a curve c of order two increased by the number of times 
PO is tangent to F(O) at P. Given an arbitrary point O on fz, 
the tangent plane of F(O) at P cuts r2 in two points M. Given 
a point M, there is a unique surface for which MP is a tangent 
at P, thus one point O. This (1, 2) correspondence on 72 has 
three coincidences, hence P~c;: P*. However, through P passes 
one generator go of F(O). Hence cs is composite and consists of 
Zo and a ¢:P*. As P traces 5s the go generates Ry, and c, gen- 
erates a surface Ax» =0. Since R, factors out of the transforma- 
tion, the total image of 4; is Ax. The equations of Az are found 
by finding the image of F(x). We see that 


F(x):d°D*65 ~ 
where 
(13) Ave = — ay) + Fao(y), 


and F2.(y) contains ys, y, to degree higher than eleven. The point 
P is invariant in the directions of the two tangents of c,:P?, 


| 
| 
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hence two sheets of Ax» are tangent to the two sheets of K; 
along 4s. 


5. Contact Along d. The two tangent planes of F’=0 at any 
point on d are identical with those of 7=0. It is evident from 
equations (11), (12), and (13) that each tangent plane of @ 
(hence of F’) is the tangent plane of one sheet of K;=0, one 
sheet of L»=0, two sheets of a general homaloid S:;=0, and 
four sheets of Az2=0 at every point on d. Also the remaining 
three sheets of Lo, Sis, and As: have fixed tangent planes along d, 
the three planes being identical with the tangent planes of Le 
along d. The image due to the former contact is F’ and the latter 
is Ry. 

Although every tangent plane of Ls, Sis, and Aw is fixed at 
any point on d, they are all distinct from the tangent planes 
of R, at the point. The tangent planes of F’ at D are 


At D, one of the three tangent planes of Lys, Siz, Az. coincides 
with 


6. Determination of the Parasitic Lines. We have seen that 
every generator of R, is a parasitic line. In general none of these 
generators lies on any other surface of the transformation. We 
wish to find which of these lines do lie on other surfaces, and 
any other parasitic lines which may arise. 

Given a point O on fe, the generator go on F(O) intersects d 
in a point L. The surface F(O) has two pinch points M on d. Ifa 
point L and a point M coincide, then a generator go on F(O) 
passes through a pinch point of F(O). In this case go is not only 
parasitic but is a line of contact for Siz, Ls», Kz, Rs, Ace. 

Given a point L there are two points M. Given a point M, 
there are two surfaces for which M is a pinch point, hence two 
points L. This (2, 2) symmetric correspondence on d has two 
coincidences, hence there are two such parasitic lines. Denote 
them by 2g. 

The surface F’ has two generators passing through D, its as- 
sociated point. Each is a parasitic line. One lies in the plane 
¥y.=0, hence lies on Ry, and factors out of the transformation. 
The other lies in the plane z and is a parasitic line for the trans- 
formation. This line g’ is simple on Si3, Kz, F’, and As. 


| 

| 
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Since 4, is rational and has d for quadrisecant, the surface of 
trisecants is a ruled surface of order eight, Rs: 5d‘. Since rz 
meets d once and 5; three times there are three trisecants of 5; 
which meet fz. If O1 is a point on 72 through which passes a 
trisecant of 5s, then the trisecant lies on F(O,) and is parasitic. 
Thus there are three such parasitic lines, 3g’’. They are simple 
on Si3, L», Kz and triple on Az. 


7. Table of Characteristics. The images of planes and of funda- 
mental elements can now be expressed by the following table: 
~ D158 29 3p", 
Lo: 155,32 , 
d~ R4:red*D*552¢, 
D~ , 
5s ~ 115,729 
2g 
Jag = LoRZF*A22, 
where the ¢ and ¢’ in the multiplicity of d stands for the contact 
as given in §5. 


Thus the complete intersection of two surfaces of the web 
may be written 


[s Sig ] = 162 (22) 
8. The Transformation for m General. We replace r2 by a ra- 


tional curve rn, which meets d and 6; in m—1 and m-+1 points, 
respectively, with parametric representation 


(14) a= 2i(A, B), (i = 1, 2, 3, 4), 
where the z; are homogeneous functions of degree m in X, uw. De- 
note the m —1 points of intersection of 7, with d by D;, and the 
associated surfaces by F‘*. The transformation has the form 
(¢ = 1, 2, 3, 4), 
where K3m41 =0 is the surface of invariant points, L3n43=0 is the 


image of rm, and F‘ =0 is the image of D;. The image of d is 
R,=0, as before. The image of a general point P on 4; is a curve 


760 AMOS BLACK 


Com: P™. As P traces 5s, the com generates a surface Aims, the 
total image of 56;. 

Each of the two tangent planes of each of the m—1 surfaces 
F‘® at each point of d is the tangent plane of one sheet of Lams, 
one sheet of Kan41, two sheets of a general S¢n41, and four sheets 
of Aizm—2. Also the remaining three sheets of Limis, Semsi, and 
Avm-2 have fixed tangent planes along d. 

The parasitic lines are as follows: 2g, two generators of R, 
which are simple lines of contact for L, K, S, R, A; (m—1)g’, 
m—1 lines, one on each F‘”, and simple on S, K, A; (m+1)g’"’, 
trisecants of 6; meeting 7,, simple on S, L, K and triple on A. 

The results can be expressed by the following table: 


d~ 
K md? 4D 52g(m — 1)g'(m + 1)g”, 
Jeum = LamysR2F - - - 
where the ¢; and ¢’ represent the contact along d, and 


4#=1,2,---,m—1. 
The complete intersection of two surfaces of the web is 


[Sem+1, Sem+i] 
= Compit std (2°22 2) — 1)g'(m +1)g”. 
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